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Abstract: The recent introduction of smart grid concepts in power systems demands metering and monitoring equipments with
great deal of ﬂexibility. To achieve this, one heavily depends upon new generation of signal processing tools. Regarding low-cost
and effective signal processing-based techniques for parameters estimation in smart grids, the estimation of power components
when frequency deviates from its nominal value is a timely and important issue to be addressed. The authors outline a
demodulation-based technique for estimating the amplitude, phase and frequency of the fundamental component of a power
line signal. This technique makes use of a ﬁnite impulse response ﬁlter design method that efﬁciently allocates zeros over the
unit circle of the z-plane so that the performance losses yielded by power frequency deviations can be minimised if the signal
is corrupted by harmonics. Numerical results indicate that the proposed technique outperforms previous ones and can be a
good candidate for measurement and monitoring in ﬂexible power systems.

1

Introduction

Amplitude, phase and frequency for metering and monitoring
applications are very important quantities. This has been
particularly true since the advent of smart grid in the last years,
when their correct estimation has been receiving a great deal of
attention. The smart grid can be viewed as a new paradigm
that the digital revolution has brought to the existing electricity
infrastructure. A smart grid is expected to be self-healing,
highly fault-tolerant, efﬁcient, reliable, secure and ﬂexible. To
have these functionalities, precise and low-cost real-time signal
processing tools need to be designed. Regarding parameter
estimation of power components, several signal processing
techniques have been developed so far. Conventional
techniques for amplitude and phase estimations, such as
discrete Fourier transform (DFT) [1, 2], assume that the power
line signal has constant power frequency. Consequently, DFTbased techniques can produce unreliable results when the
signal suffers for frequency deviations. To estimate the power
frequency, the most used techniques are based on phase-locked
loops (PLLs) [3–5]. In these cases, a signiﬁcant tracking delay
in the estimate is observed, especially if a preﬁltering stage is
adopted to improve the accuracy of the estimation when the
signal is polluted by harmonics.
Other techniques worth mentioning include least-squares
(LS) [6, 7], the Newton method [8], the Prony method [9]
and Kalman ﬁlters [10, 11]. Some of these techniques can
estimate either only frequency or only amplitude and phase.
A few of them can estimate all the three parameters
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(amplitude, phase and frequency) using only one structure.
Interesting approaches are the demodulation-based
techniques introduced in [12 – 15]. While the technique
outlined in [13] is capable of estimating phase, those ones
addressed in [12, 14, 15] can estimate frequency. However,
amplitude estimation using demodulation-based techniques
has not been explored up to date because of the difﬁculty in
designing ﬁlters that deal properly with deviations of the
power frequency. In fact, the main difﬁculty in designing
demodulation-based techniques is the appropriate selection
and design of ﬁlters to achieve the needed performance [15].
Owing to the level of ﬂexibility needed in power systems to
implement the smart grid paradigm, the investigation of
estimation techniques capable of providing a small error in
the estimation of fundamental amplitude and phase under
frequency deviation and harmonic pollution is a timely
research issue. Another important issue that must be dealt
with is the increase of presence of harmonics in power
systems. It makes the estimation of amplitude and phase of
the fundamental component difﬁcult when the frequencies
of the harmonics are time-varying. Note that the frequency
of a harmonic component suffers a deviation that increases
proportionally with its order. Thus, even if a small
deviation occurs in fundamental component, the deviation
in the harmonics may be signiﬁcant. This demands methods
which are robust to large frequency deviations. Note that
the DFT is a good choice for estimating the amplitude and
phase of the fundamental component in the presence of
harmonics when the power frequency is constant. However,
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the deviation of harmonic frequencies severally degrades its
estimates if power frequency deviates.
This work proposes a technique to deal with this problem:
it aims at decreasing the estimation error of the parameters of
a power signal for metering and monitoring applications
when the power frequency and subsequent harmonic
frequencies deviate from its nominal values. For this purpose
we propose in this paper a design strategy for a low-pass
(LP) ﬁnite impulse response (FIR) ﬁlter that improves the
performance of the demodulation-based technique. We
obtain improvements in two aspects: First, the estimation
accuracy of the amplitude, phase and frequency of the
fundamental component has been improved through proper
design of a singer ﬁlter. Second, the proposed technique
works well when frequency deviation of power frequency
occurs and harmonics are present. Additionally, we present a
general FIR ﬁlter prototype design that allows us to specify
levels of estimation accuracy by taking into account the
magnitude of the frequency deviation and the estimation delay.

2


Â1 (t) = 2 ycc (t)2 + yss (t)2
and



y (t)
f̂1 (t) = −arctan ss
ycc (t)

x(t) = A1 (t) cos[V0 t + f1 (t)] + h(t)

Dfi (t) =


(9)

1 df1 (t)
2p dt

(10)

Thus, the estimated instantaneous frequency can be expressed by
(1)

where A1(t) and f1(t) are the instantaneous fundamental
amplitude and phase, respectively. V0 is the synchronous
fundamental angular frequency and h(t) denotes the sum of
harmonics and noise.
Now, consider the demodulation signals
dc (t) = cos(Vd t)

(8)

respectively.
Additionally, the frequency can be estimated from the
deﬁnition of the instantaneous frequency deviation [12],
which is expressed by

Formulation of the proposed technique

Consider the monitored power line signal expressed by

1 df̂1 (t)
fˆ1 (t) = f0 + Dfi (t) = f0 +
2p dt

(11)

where f0 ¼ V0/(2p) is the synchronous frequency.
Note that the development of the above equations considers
V0 ¼ Vd . For the case of V0 = Vd , ycc(t) and yss(t) are given
by

(2)

and

ycc (t) =

A1 (t)
cos[(V0 − Vd )t + f1 (t)] + hc (t)
2

(12)

and
ds (t) = sin(Vd t)

(3)

where Vd refers to demodulation frequency. Multiplying x(t)
by dc(t) and ds(t), and assuming that Vd ¼ V0 , one obtains
A1 (t)
A (t)
cos[f1 (t)] + 1 cos[2V0 t + f1 (t)]
2
2
+ h(t) cos[V0 t]

(4)

A1 (t)
A (t)
sin[f1 (t)] + 1 sin[2V0 t + f1 (t)]
2
2
+ h(t) sin[V0 t]

(5)

yc (t) =

and

where hc(t) and hs(t) are the LP versions of h(t)cos[V0t] and
h(t)sin[V0t].
Supposing that the LP ﬁlter is narrow enough, the
components hc(t) and hs(t) can be considered negligible,
and then the amplitude and phase of the target signal can
be estimated by

ys (t) = −

yss (t) = −

A1 (t)
sin[(V0 − Vd )t + f1 (t)] + hs (t)
2

(13)

respectively.
Equations (8) – (11) still apply. Details can be found in
Appendix Section 7.1.
Based on this formulation, the block diagram of the
proposed technique is illustrated in Fig. 1. The LP blocks
implement equal LP ﬁlters and the blocks COS and SIN
implement the demodulations signals expressed by (2) and
(3), respectively. Details of the blocks AMP, PHAS and
FREQ are shown in Fig. 2. In this ﬁgure, the blocks SQRT,

respectively.
If one considers that f1(t) varies slowly, (4) and (5) imply
that both yc(t) and ys(t) have a direct current (DC) component,
a sinusoidal component at 2V0 and a wideband spectral
component due to the modulation of h(t). The DC
components can be extracted by applying a LP ﬁlter, yielding
ycc (t) =

A1 (t)
cos[f1 (t)] + hc (t)
2

(6)

and
yss (t) = −

A1 (t)
sin [f1 (t)] + hs (t)
2
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(7)

Fig. 1 Block diagram of the proposed technique
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constant, then one-cycle of the demodulation signals (2)
and (3) can be stored for hardware implementation.
In what follows, we will consider that the predominant
distortion in signal x[n] is the presence of harmonics, that is
x[n] = A1 [n] cos (w0 n + f1 [n]) + A2 [n] cos (2w0 n + f2 [n])
+ A3 [n] cos (3w0 n + f3 [n]) + A4 [n] cos (4w0 n + f4 [n])
(17)
+ · · · + Am [n] cos (mw0 n + fm [n]) + · · ·
If the angular frequency w0 varies from w0a ¼ w0 nom 2 Dw0 to
w0b ¼ w0 nom + Dw0 , the spectrum of the demodulated
signal varies in the frequency ranges [0 w0 nom − w0a ],
[2w0a − w0 nom
2w0b − w0 nom ], [3w0a − w0 nom 3w0b −
w0 nom ], . . . , [(m + 1)w0a − w0 nom (m + 1)w0b − w0 nom ] . . . .
Fig. 3 depicts these ranges and the center frequencies w0 nom ,
2w0 nom , 3w0 nom , . . ., mw0 nom , . . .. Each os these ranges
(except the range around 0 Hz) is deﬁned by
Dwm = (m + 1)(w0b − w0a )

Fig. 2 Details of the blocks
a AMP
b PHAS
c FREQ

ARCTAN, K, f0 nom represent the square root, arctangent, (1/
2p) gain and nominal synchronous frequency, respectively.

3

Implementation of the proposed technique

This section presents the implementation of a discrete version
of the proposed technique. With it we aim to obtain accuracy
under the presence of harmonic components and frequency
deviations.
The discrete version of the signal in (1) is given by
x[n] = A1 [n] cos(w0 n + f1 [n]) + h[n]

(14)

where fs is the sampling rate and w0 ¼ (V0/fs) is the digital
synchronous angular frequency.
The demodulation signals in (2) and (3) become
dc [n] = cos(wd n)

(15)

ds [n] = sin(wd n)

(16)

and

respectively, where wd ¼ Vd/fs is the digital demodulation
frequency. We consider wd ¼ w0 nom , where w0 nom is the
nominal value of w0 . Note that, as the frequency wd is

(18)

where m ¼ 1, 2, 3, . . .. See Appendix Section 7.2 for the
derivation of these ranges.
The LP ﬁltering of the demodulated signal can be
implemented either with a standard inﬁnite impulse
response (IIR) or FIR LP ﬁlter. IIR ﬁlters offer good
attenuation at the stop-band and have few coefﬁcients
compared with FIR ﬁlters; however, they exhibit longer
transient response and difﬁculties for hardware
implementation due to stability concerns. Moreover, they do
not have linear-phase, which may be a source of error in
phase estimation.
If there is no deviation in the nominal frequency, a simple
solution is the use of the moving-average ﬁlter [16]. This ﬁlter
rejects all harmonics components of the demodulated signal if
the signal frequency is constant and equals to nominal value
(Fig. 4a). However, if the frequency suffers a slight change
(see example in Fig. 4b), the zeros of the ﬁlter do not
match the locations of the harmonics of the demodulated
signal. As a result, such ﬁltering will offer poor estimation.
To correctly remove harmonic components from
demodulated signal and provide low estimation delay, a
suitable choice is an FIR LP ﬁlter with a good attenuation
in the frequency bands as shown in Fig. 3. We have
designed such a ﬁlter using the weighted-least-squares
(WLS) method [17].
In short, ﬁlter’s speciﬁcations on the WLS algorithm are
depicted in Fig. 5, where dp is the ripple of the passband
and 1 2 ds is the attenuation in the neighbourhood of the
harmonics. In this paper, the design of the ﬁlter was based
on the following constraints: an attenuation larger than
90 dB was expected in the neighbourhood of the harmonics
and a ripple of 3 × 1025 dB was expected in the passband.
The ﬁlter order was increased heuristically in the WLS
algorithm until the frequency response achieved the
required speciﬁcations. A 97th-order LP ﬁlter was obtained

Fig. 3 Spectrum location of the demodulated signal when harmonics are present and power frequency varies from w0a to w0b
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Fig. 4 Magnitude response of the moving-average ﬁlter and the
spectrum locations of the demodulation signal
a When the frequency is constant and equals to nominal value
b When the frequency suffer a slight change

and its magnitude response is shown in Fig. 6. The magnitude
response of the moving-average ﬁlter is also shown in the
same ﬁgure for comparison purposes. Fig. 7 shows a zoom
of the magnitude response around 180 Hz. The length of
the designed ﬁlter corresponds to three cycles of the
fundamental component, which also corresponds to the time
delay of the estimation, and thus determines the speed of
convergence of the algorithm.
In the WLS algorithm, the frequency axis was divided into
N sets of frequency bands, and the frequency bands incident
in the frequency ranges shown in Fig. 3 were weighted for
optimisation. Note that the passband must include the range
[0w0b 2 w0nom]. For getting the numerical results shown in
Figs. 6 and 7 (that are used in the subsequent section), the
following parameters were taken into account: N ¼ 3840,
wc ¼ 2p2/fs , w0nom ¼ 2p60/fs , Dw0 ¼ 2p0.5/fs , and
fs ¼ 32 × 60 Hz. The weights for the frequencies less than
or equal to wc are equal to 1000; for the other bands around
mw0 nom (see Fig. 3) they are equal to 20. These values
have been determined experimentally to achieve the needed
speciﬁcations. The variation Dw0 ¼ 2p0.5/fs corresponding
to the variation Df0 ¼ 0.5 Hz is sufﬁcient for most power
system applications. This is so because frequency variations
are usually smaller than +0.1 Hz [18] in interconnected
grids. Note that this variation is a design parameter and can
be adapted to more or less demanding cases. For example,
in isolated systems such as shipboard power systems this
variation can achieve +3 Hz in 60 Hz systems [19].
The amplitude, phase and frequency evaluations are carried
out sample-by-sample. The discrete version of the frequency

Fig. 5 Filter’s speciﬁcations

Fig. 6 Magnitude response of the designed ﬁlter
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Fig. 7 Zoom at 180 Hz in the magnitude response of the designed
ﬁlter

estimator in (11) is given by
f
fˆ1 [n] = f0 + s (f̂1 [n] − f̂1 [n − 1])
2p

4

(19)

Performance analysis

In this section a performance analysis of the proposed
technique is presented. For all simulations, the sampling
rate is equal to fs ¼ 32 × 60 Hz and the LP ﬁlter used is
the same one described in Section 3, (magnitude response
shown in Fig. 6).
4.1

Tracking performance

Tracking performances of the proposed technique are
presented in Fig. 8 for amplitude, phase and frequency
estimations. For evaluating the performance of amplitude
estimation, we introduce to a sinusoidal signal a momentary
interruption. For evaluating the performance of phase
estimation, the sinusoidal signal undergoes a phase jump
from p/4 to 2 p/4 rad. And, for evaluating the performance
of frequency estimation, we introduce a change in frequency
from 60 to 59.5 Hz. The delay of the estimation is about
three cycles of the fundamental component for all cases.
4.2

Error performance

For error performance analysis, the generated signal is given by
1
1
x[n] = cos(w0 n) + cos(3w0 n) + cos(5w0 n)
3
5
1
1
1
+ cos(7w0 n) + cos(9w0 n) + cos(11w0 n)
7
9
11
1
1
+ cos(13w0 n) + cos(15w0 n) + v[n]
13
15

(20)

where v[n] is a zero-mean white Gaussian noise so that the
signal-to-noise ratio (SNR) is 60 dB. It should be noted that
the SNR of the signal obtained from a power system usually
ranges between 50 and 70 dB [20]. Then, several signals given
by (20) were generated by varying the fundamental frequency
from 59.5 to 60.5 Hz. The evaluation of the error is based on
the calculation of the maximum of the absolute instantaneous
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Fig. 8 Tracking performances
a Amplitude tracking performance when a momentary interruption occurs
b Phase tracking performance when a phase jump from p/4 to −p/4 rad
occurs in the signal
c Frequency tracking performance when the frequency changes from
60 to 59.5 Hz

error of the estimate. The results are presented in Fig. 9. Note
that the error is lower than 0.05%, 0.1% and 0.8% for
amplitude, phase and frequency estimation, respectively.

4.3 Performance comparison to conventional
techniques
In this section, we present a comparative performance
evaluation of the proposed technique with two conventional
methods: DFT [1] and EPLL [5].
Figs. 10– 12 illustrate the tracking performance of all
techniques when a failure takes place in a hypothetic power
system considering the following signal
1
x[n] = cos(w0 n + f1 [n]) + cos(3w0 n + f3 [n])
3
1
1
+ cos(5w0 n + f5 [n]) + cos(7w0 n + f7 [n])
5
7
1
1
+ cos(9w0 n + f9 [n]) + cos(11w0 n + f11 [n])
9
11
1
+ cos(13w0 n + f13 [n])
13
1
(21)
+ cos(15w0 n + f15 [n]) + v[n]
15
983
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Fig. 11 Comparison of tracking performance for phase estimation

Fig. 9 Maximum absolute error
a Amplitude estimation
b Phase estimation
c Frequency estimation when the frequency of the signal given by (20) varies
from 59.5 to 60.5 Hz

Fig. 10 Comparison of tracking performance for amplitude
estimation

where f1[n] ¼ p/4, f3[n] ¼ f5[n] ¼ f7[n] ¼ f9[n] ¼ f11[n] ¼
f13[n] ¼ f15[n] ¼ 0 and v[n] is a zero-mean white Gaussian
noise so that the SNR is 60 dB. For evaluating the
984
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Fig. 12 Comparison of tracking performance for frequency
estimation

performance of amplitude estimation, we introduce to the
signal a momentary interruption assuming f0 ¼ 60.1 Hz. For
evaluating the performance of phase estimation, the
fundamental component undergoes a phase jump from
f1[n] ¼ p/4 to f1[n] ¼ 2 p/4 rad assuming f0 ¼ 60.1 Hz.
And, for evaluating the performance of frequency estimation,
we introduce a change in frequency from f0 ¼ 60 Hz to
f0 ¼ 59.9 Hz. Note that in Fig. 12, the DFT method has not
been included because the DFT is unable to estimate
frequency deviations.
In order to show more clearly the error in the time
estimations, Fig. 13 illustrates a zoom in the time-estimates
of amplitude of the signal (37) with the three techniques.
It is noted that the estimates using the DFT and EPLL
algorithms provide larger variations.
For the signal given in (20), the attained maximum absolute
instantaneous errors are shown in Figs. 14– 16. The results
shown indicate that the EPLL exhibits longer delay than
other techniques, that is, about 5 cycles. Regarding the DFT
technique, it offers fast tracking, of about 1 cycle, and very
good error performance when f0 ¼ 60 Hz, however, if the
deviation from f0 ¼ 60 Hz increases, then its performance
drops considerably. On the other hand, the proposed
demodulation-based technique offers satisfactory results.
IET Gener. Transm. Distrib., 2011, Vol. 5, Iss. 9, pp. 979 –988
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Fig. 13 Zoom in the amplitude estimates with the proposed, DFT
and EPLL techniques

Fig. 14 Maximum absolute error comparison of amplitude
estimation when the frequency of the signal given by (20) varies
from 59.5 to 60.5 Hz

Fig. 16 Maximum absolute error comparison of frequency
estimation when the frequency of the signal given by (20) varies
from 59.5 to 60.5 Hz

Fig. 17 Magnitude response of the proposed ﬁlter design
considering fs ¼ 16 × 60 Hz and delay of two cycles of the
fundamental component

fs ¼ 16 × 60 Hz, which achieves a delay of two cycles of
the fundamental component. In this design a 33th-order FIR
ﬁlter was achieved. As a result, the estimation delay is
shortened at the cost of a decrease in accuracy. However, in
applications such as measurement, the accuracy of the
results is more important than speed; therefore, a ﬁlter with
higher order can be designed.

5

Fig. 15 Maximum absolute error comparison of phase estimation
when the frequency of the signal given by (20) varies from
59.5 to 60.5 Hz

One has to note that the results of the proposed technique
presented so far were attained by using the 97th-order FIR
ﬁlter discussed in Section 3. However, the ﬁlter order can
be increased for offering more accuracy, or decreased for
shortening the estimation delay. In Fig. 17 it is shown a
magnitude response for a ﬁlter design considering
IET Gener. Transm. Distrib., 2011, Vol. 5, Iss. 9, pp. 979– 988
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Concluding remarks

In this contribution we have addressed the suitability of
demodulation-based techniques for estimating amplitude,
phase and frequency of the fundamental component under
power frequency variation scenarios. This kind of technique
is especially attractive for smart or micro-grid applications.
The main improvement regarding it is the suggestion of
new FIR ﬁlter design procedure, which can offer an
improved performance under the presence of harmonics and
frequency deviations.
Although the ﬁlter has been designed taking into account a
frequency deviation lower than 0.5 Hz around the nominal
power frequency, the ﬁlter’s design speciﬁcations can be
985
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modiﬁed to cope with larger deviations while maintaining the
same estimation error performance. This can be achieved at
the expenses of an increase in the ﬁlter length, and,
consequently in the estimation delay. Therefore there is a
compromise between performance, ﬂexibility and delay
estimation that must be considered a priori.
Comparison results have pointed towards the attractiveness
of the proposed demodulation-based technique for
power system applications under the presence of power
frequency deviations, harmonics and noise. Furthermore,
this technique can have an appealing role in the
development of low-cost monitoring devices for smart-grid
applications due to the reduced computational burden
associated with it.

7

Appendix

7.1

Parameters estimation when V0  Vd

Consider the monitored power line signal given by (1) and the
demodulation signals expressed by (2) and (3).
Multiplying x(t) by dc(t) and ds(t), one obtains
yc (t) =

A1 (t)
cos[(V0 − Vd )t + f1 (t)]
2
A (t)
+ 1 cos[(V0 + Vd )t + f1 (t)] + h(t) cos[V0 t]
2
(22)

and

6
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A1 (t)
sin[(V0 − Vd )t + f1 (t)]
2
A (t)
+ 1 sin[(V0 + Vd )t + f1 (t)] + h(t) sin[V0 t]
2
(23)

ys (t) = −

respectively.
Considering that f1(t) varies slowly, and ﬁltering (22) and
(23) by a LP ﬁlter, we have
A1
cos[(V0 − Vd )t + f1 (t)] + hc (t)
2

(24)

A1
sin[(V0 − Vd )t + f1 (t)] + hs (t)
2

(25)

ycc (t) =
and
yss (t) = −

respectively, where hc(t) and hs(t) are the output of the
ﬁltered components h(t)cos[V0t] and h(t)sin[V0t] around
DC.
Neglecting the components hc(t) and hs(t), one obtains

A (t)
ycc (t)2 + yss (t)2 = 1
2

(26)

yss(t)
= − tan[(V0 − Vd )t + f1 (t)]
ycc(t)

(27)

and

Thus, the amplitude can be estimated by using

Â1 (t) = 2 ycc (t)2 + yss (t)2

(28)

For phase estimation, one has that

[V0 − Vd ]t + f1 (t) = −arctan

yss (t)
ycc (t)


(29)

Therefore



yss (t)
− [V0 − Vd ] t
f1 (t) = −arctan
ycc (t)

(30)
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Vd ¼ V0nom , after some trigonometric manipulations one has

Note that
lim |f1 (t)| = 1.

(31)

t+1

yca (t) =
However, evaluating the phase difference of two signals
xa(t) ¼ A1a(t)cos[V0t + f1a(t)] and xb(t) ¼ A1b(t) cos[V0t +
f1b(t)] of the same power system, one obtains



yssa (t)
− [V0 − Vd ]t
ycca (t)




yssb (t)
− [V0 − Vd ]t
− −arctan
yccb (t)
(32)

f1a (t) − f1b (t) = −arctan

or





yssa (t)
yssb (t)
+ arctan
, (33)
f1a (t) − f1b (t) = −arctan
ycca (t)
yccb (t)
which is independent of [V0 2 Vd]t.
Thus, the phase of each signal can be estimated by



yss (t)
.
f̂1 (t) = −arctan
ycc (t)

(34)

7.2 Spectral analysis of the demodulated power
signal when only harmonics are present
Consider the power system signal corrupted only by
harmonics

and

x(t) = A1 (t) cos [V0 t + f1 (t))] + A2 (t) cos [2V0 t + f2 (t)]
+ A3 (t) cos [3V0 t + f3 (t)] + A4 (t) cos [4V0 t + f4 (t)]
+ · · · + Am (t) cos [mV0 t + fm (t)]
+ · · · + ANh (t) cos [Nh V0 t + fNh (t)],

(35)

where V0 ¼ 2pf0 . If the frequency V0 decreases to
V0a ¼ V0nom 2 DV0 , where V0nom is the nominal value of
V0 and DV0 is the absolute variation of V0 , then the signal
x(t) becomes
xa (t) = A1 (t) cos (V0a t + f1a (t)) + A2 (t) cos [2V0a t + f2a (t)]
+ A3 (t) cos [3V0a t + f3a (t)] + A4 (t)cos [4V0a t + f4a (t)]
+ ··· + Am (t)cos [mV0a t + fma (t)]
+ ··· + ANh (t) cos [Nh V0a t + fNh a (t)].
Similarly, for the increase of
V0b ¼ V0nom + DV0 , one obtains

the

(36)
frequency

to

xb (t) = A1 (t) cos [V0b t + f1b (t)] + A2 (t) cos [2V0b t + f2b (t)]
+ A3 (t) cos [3V0b t + f3b (t)]
+ A4 (t) cos [4V0b t + f4b (t)]
+ · · · + Am (t) cos [mV0b t + fmb (t)]
+ · · · + ANh (t) cos [Nh V0b t + fNh b (t)].

ysa (t) =

A1 (t)
sin[(V0a + V0nom )t + f1a (t)]
2
A (t)
+ 2 sin[(2V0a + V0nom )t + f2a (t)]
2
A3 (t)
sin[(3V0a + V0nom )t + f3a (t)]
+
2
A
+ · · · + m sin[(mV0a + V0nom )t + fma (t)]
2
AN
+ · · · + h sin[(Nh V0a + V0nom )t + fNh a (t)]
2
A1 (t)
sin[(V0a − V0nom )t + f1a (t)]
−
2
A (t)
− 2 sin[(2V0a − V0nom )t + f2a (t)]
2
A (t)
− 3 sin[(3V0a − V0nom )t + f3a (t)]
2
A (t)
+ · · · − m sin[(mV0a − V0nom )t + fma (t)]
2
AN h
sin[(Nh V0a − V0nom )t + fNh a (t)],
+ ··· −
2
(39)

(37)

Multiplying xa(t) by cos(Vdt) and sin(Vdt), where
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A1 (t)
cos[(V0a + V0nom )t + f1a (t)]
2
A (t)
+ 2 cos[(2V0a + V0nom )t + f2a (t)]
2
A3 (t)
cos[(3V0a + V0nom )t + f3a (t)]
+
2
A (t)
+ · · · + m cos[(mV0a + V0nom )t + fma (t)]
2
AN (t)
+ · · · + h cos[(Nh V0a + V0nom )t + fNh a (t)]
2
A1 (t)
cos[(V0a − V0nom )t + f1a (t)]
+
2
A (t)
+ 2 cos[(2V0a − V0nom )t + f2a (t)]
2
A (t)
+ 3 cos[(3V0a − V0nom )t + f3a (t)]
2
A (t)
+ · · · + m cos[(mV0a − V0nom )t + fma (t)]
2
AN (t)
+ · · · + h cos[(Nh V0a − V0nom )t + fNh a (t)]
2
(38)

respectively.
987

& The Institution of Engineering and Technology 2011

www.ietdl.org
In a similar manner for the signal xb(t), one obtains
A (t)
ycb (t) = 1 cos[(V0b + V0nom )t + f1b (t)]
2
A (t)
+ 2 cos[(2V0b + V0nom )t + f2b (t)]
2
A (t)
+ 3 cos[(3V0b + V0nom )t + f3b (t)]
2
A (t)
+ · · · + m cos[(mV0b + V0nom )t + fmb (t)]
2
ANh (t)
cos[(Nh V0b + V0nom )t + fNh b (t)]
+ ··· +
2
A (t)
+ 1 cos[(V0b − V0nom )t + f1b (t)]
2
A2 (t)
cos[(2V0b − V0nom )t + f2b (t)]
+
2
A (t)
+ 3 cos[(3V0b − V0nom )t + f3b (t)]
2
A (t)
+ · · · + m cos[(mV0b − V0nom )t + fmb (t)]
2
ANh (t)
cos[(Nh V0b − V0nom )t + fNh b (t)]
+ ··· +
2
(40)

+ ··· +

ANh
2

sin[(Nh V0b + V0nom )t + fNh b (t)]

A1 (t)
sin[(V0b − V0nom )t + f1b (t)]
2
A (t)
− 2 sin[(2V0b − V0nom )t + f2b (t)]
2
A (t)
− 3 sin[(3V0b − V0nom )t + f3b (t)]
2
A (t)
+ · · · − m sin[(mV0b − V0nom )t + fmb (t)]
2
AN
+ · · · − h sin[(Nh V0b − V0nom )t + fNh b (t)],
2
−

(41)
respectively.
From the above equations, one can see that in the signals
yca(t), ysa(t), ycb(t) and ysb(t), around the frequencies 0,
V0nom , 2V0nom , 3V0nom , . . ., mV0nom , . . ., one has the
frequency components shown in Table 1.
Based on Table 1 and considering that V0a , V0 , Vb ,
one has
(m + 1)V0a − V0nom , (m − 1)V0a + V0nom
, (m − 1)V0b + V0nom , (m + 1)V0b − V0nom ,

and

(42)

Thus, the range of variation of the m-harmonic component is
A (t)
ysb (t) = 1 sin[(V0b + V0nom )t + f1b (t)]
2
A (t)
+ 2 sin[(2V0b + V0nom )t + f2b (t)]
2
A (t)
+ 3 sin[(3V0b + V0nom )t + f3b (t)]
2
A
+ · · · + m sin[(mV0b + V0nom )t + fmb (t)]
2
Table 1

DVm = [(m + 1)V0b − V0nom ] − [(m + 1)V0a − V0nom ]
= (m + 1)(V0b − V0a ),
(43)
It is noted in (18) that DVm increases with the increase of the
harmonic order m. This is illustrated in Fig. 3 for digital
frequencies.

Frequency components around the frequencies 0, V0 nom , 2V0 nom , 3V0 nom , . . . , mV0 nom , . . . for the signals yca(t), ysa(t), ycb(t)

and ysb(t)
Central frequency

0
V0nom
2V0nom
3V0nom
mV0nom
(Nh 2 1)V0nom
NhV0nom
(Nh + 1)V0nom

Frequency components
of yca(t) and ysa(t)
V0nom 2 V0a
2V0a 2 V0nom
3V0a 2 V0nom
4V0a 2 V0nom
(m + 1)V0a 2 V0nom
NhV0a + V0nom
–
–

–
–
V0a + V0nom
2V0a + V0nom
(m 2 1)V0a 2 V0nom
(Nh 2 2)V0a + V0nom
(Nh 2 1)V0a + V0nom
NhV0a + V0nom
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Frequency components
of ycb (t) and ysb(t)
V0nom 2V0b
2V0b 2 V0nom
3V0b 2 V0nom
4V0b 2 V0nom
(m + 1)V0b 2 V0nom
NhV0b 2 V0nom
–
–

–
–
V0b + V0nom
2V0b + V0nom
(m 2 1)V0b 2 V0nom
(Nh 2 2)V0b + V0nom
(Nh 2 1)V0b + V0nom
(NhV0b) + V0nom
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