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Compressive Sensing (CS) allows for reconstructing sparse signals within a low acceptable error using
less measurements than stipulated by the Nyquist criterion. This CS paradigm rests on the assumption
that there is a basis in which the signal is sparse, and one employs random measurements by means
of projections on a sensing matrix reconstructing the signal from these measurements through l1-norm
minimization on the sparsity basis. In this work, we propose a method to design sensing matrices with
minimum coherence to a given sparsifying orthogonal basis. We provide a mathematical proof of the
optimality in terms of coherence minimization for the proposed sensing matrices. This result is extended
for biorthogonal bases in order to provide sensing matrices with low coherence, that have advantages
when compared to Noiselets in a CS paradigm. Experimental results in an image compression setup show
that the proposed sensing matrices provide superior rate-distortion results than Noiselets. These results
indicate that the proposed sensing matrices tend to outperform Noiselets when sensing natural images.

© 2014 Elsevier Inc. All rights reserved.
1. Introduction

Signal sampling and compression have been around for many
years. Recently, a new approach to accomplish these is being inves-
tigated: Compressive Sensing (CS) [1–6]. Its objective is to sample
signals taking into account their sparsity. For that the signal is
projected on known measurement functions or signals. These are
designed considering not the signal itself, but instead a basis of
the signal space in which the signal is sparse. The signal is then
represented by a subset of these measurements. It can be recon-
structed from the measurements with an acceptable error by em-
ploying optimization algorithms as long as enough measurements
are taken. Many previous works have dealt with the reconstruction
algorithms and the construction of measurement matrices.

A signal s ∈ R
N is said to be sparse if it can be represented

using K � N coefficients. For example, if s has only K non-zero
components in an N-dimensional space, it is considered to be
sparse and its sparsity K is also referred to as its l0-norm, the
amount of non-zero elements of the vector.

CS exploits the sparsity concept, in the sense that there is a
transform Ψ that maps x into s = Ψ x such that ‖s‖0 = K (‖s‖0
is the l0-norm). In order to collect M (K � M < N) samples for
representing x one employs a sensing matrix Φ whose rows are
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sensing vectors φT
m , m = 1, . . . , M . This gives an ensemble of mea-

surements y such that

y = Φx = ΦΨ s or simply y = Θs, (1)

where Ψ is the inverse of Ψ above. Note that Φ and Θ have di-
mensions M × N .

From the M measurements in y one then tries to reconstruct
x. As it is assumed that s is sparse one should look for a sparse
solution ŝ such that y ≈ Θ ŝ, or, if we consider measurement errors,
‖y − Θ ŝ‖2 < ε . That is, one should search for

min
ŝ∈S

‖ŝ‖0, subject to ‖y − Θ ŝ‖2 < ε. (2)

This is equivalent to looking for

min
x̂∈X

‖Ψ x̂‖0, subject to ‖Φx̂ − Θ ŝ‖2 < ε. (3)

Above, x̂ denotes the reconstruction of x. However, the minimiza-
tion of the l0-norm is an NP-hard problem. Fortunately, a lot of
work has been done to show that this optimization problem can
be solved by means of minimizing the l1-norm of ŝ, which is
a problem computationally more tractable. l1 minimization [4,6]
achieves high probability of reconstructing x with small errors, i.e.,
the probability that ‖x̂ − x‖2 < ε is high, being ε a small constant
that represents the acceptable measurement error. This probabil-
ity depends mainly on K , M , N , on the matrices Ψ and Φ , and,
obviously, on ε .
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One of the problems often encountered in CS literature is the
construction of sensing matrices. The Restricted Isometry Property
(RIP) [7] has been the basic foundation for their construction. The
RIP is satisfied by some random sensing matrices that have be-
come very popular in CS [5,6]. In [8] criteria that guarantee sensing
matrices satisfying an extended RIP are provided. One advantage
of random sensing matrices is that they tend to work irrespec-
tive of the basis where the vector x is sparse. For example, if one
uses random sensing matrices in an encoder–decoder configura-
tion, only the decoder must be aware of the sparsity basis of x.
Notwithstanding the encoder could be aware of the sparsity ba-
sis that the decoder uses for recovering the sensed signal. In this
case, one could use sensing matrices designed specifically for a
given basis in order to obtain improved performance. In [9], a mea-
surement matrix designed from chirp sequences is employed, and
properties of it are employed to design a specific reconstruction
algorithm. We follow a different approach for constructing such
matrices for Compresses Sensing that is applicable for both orthog-
onal and biorthogonal sparsity bases [10,11].

The coherence between two bases Ψ and Φ of R
N can be de-

fined as [12]

μ(Ψ,Φ) = max
i, j∈{0,N−1}

|〈ψ i,φ j〉|
‖ψ i‖2‖φ j‖2

(4)

where ψ T
i are the rows of Ψ and φT

j the rows of Φ . The smaller
μ(Ψ,Φ) is, the more incoherent Ψ and Φ are, i.e. the less simi-
lar are the elements of these bases. In [5] it is discussed that in
the case of CS considering sparsity in an orthonormal basis Ψ , the
sensing matrix Φ should be as incoherent as possible with the ba-
sis Ψ .

In this work we present a procedure to construct sensing ma-
trices Φ that have the lowest possible coherence with a given
orthogonal sparsity basis Ψ , and extend it to the biorthogonal
case for providing sensing matrices with low coherence. We have
observed that this approach leads to better rate-distortion perfor-
mance in case of quantization of the measurements [13,14], when
l1-norm minimization is used to recover the signal.

2. Proposed method for constructing sensing matrices

As mentioned above, a popular way to construct sensing ma-
trices is by using vectors that are, from a statistical viewpoint,
incoherent to the basis Ψ [5]. In this work we follow a different
approach, by proposing the construction of measurement matrices
Φ that are maximally incoherent with Ψ .

2.1. Preliminaries

Theorem 1. Let Ψ = {ψ1,ψ2, . . . ,ψN } be an orthonormal basis and
h = ∑N

i=1 hiψ i be a unit norm vector then h is maximally incoherent to
the basis Ψ if |hi | = c, ∀i ∈ {1,2, . . . , N}.

Proof. A unit-norm vector h is maximally incoherent to an or-
thonormal basis Ψ = {ψ1,ψ2, . . . ,ψN } when it makes the largest
angle possible to the closest ±ψ j , j ∈ {1, . . . , N}.

Since Ψ is a basis, one can write

h =
N∑

j=1

h jψ j. (5)

Therefore, since ‖ψ j‖2 = 1 and the basis Ψ is orthogonal, the co-
herence between the basis Ψ and h is

μ(Ψ,h) = max
i

|〈ψ i,
∑N

j=1 h jψ j〉|∑N |h |2 . (6)

j=1 j
Since 〈ψ i,ψ j〉 = 1 if i − j = 0 and 〈ψ i,ψ j〉 = 0 otherwise, we
have that

μ(Ψ,h) = max
i

|hi|∑N
j=1 |h j|2

. (7)

Therefore, if ‖h‖2 = 1 then searching for minh μ(Ψ,h) implies
solving

h = argmin
h

max
i

|hi|∑N
j=1 |h j|2

, subject to
N∑

j=1

|h j|2 = 1. (8)

Since
∑N

j=1 |h j |2 = 1, this is solved by finding

h = argmin
{h1,...,hN }

max |hi|, subject to
N∑

j=1

|h j|2 = 1. (9)

Since the norm of h is constant, the maximum component hk
will be the lowest when the components are all equal, that is, this
can be solved by

〈ψ i,h〉 = |hi| = c, ∀i ∈ [1 . . . N], (10)

where c is a constant.
The result above implies that vector h should be equidistant

from all the basis elements ψ i . �
For the canonical basis (the axes of R

N ), the solution is easy.
Any vector in the vertices of the hyper cube (with coordinates
± 1√

N
) satisfies Eq. (10). This provides 2N possible solutions. If one

has to construct a basis maximally incoherent to Ψ , one can chose
N linearly independent elements from the 2N possible solutions.
As it can be noted, the Hadamard basis provides an example of a
basis that is most incoherent to the canonical. In addition, any two
vectors from this basis have the property of being orthogonal one
to another and thus the M vectors in Φ are orthogonal to each
other, maximizing information.

2.2. Proposed construction for sensing matrices

Any orthonormal basis can be seen as a rotation of the canon-
ical basis. Therefore, to find a maximally incoherent Φ (an M × N
matrix, M < N) to a basis Ψ it suffices to rotate M linearly in-
dependent vectors from the hypercube using the rotation that
transforms the canonical basis into Ψ . This results in one possi-
ble measurement matrix maximally incoherent to Ψ being given
by

Φ = HΨ, (11)

where H is such that its elements are hp,q = ± 1√
N

, p ∈ {1, . . . , M},

q ∈ {1, . . . , N}. One such H can be formed by rows of the
Hadamard matrix. Therefore, a simple algorithm expressing this
is presented in Algorithm 1.

Algorithm 1 Computing maximally incoherent matrix Φ with M
elements w.r.t. an orthogonal basis Ψ .

H ← M randomly chosen lines from the Hadamard matrix of size N
Φ ← HΨ

2.3. Numerical evaluation

Having derived a way to construct maximally incoherent sens-
ing matrices with respect to a given orthonormal basis, in this
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Fig. 1. μ(Ψ,Φ) for Ψ being the DCT matrix of dimension N , and different Φ as in the legend box on the right.
subsection we numerically evaluate its performance. We use Algo-
rithm 1 with M = N to construct the maximally incoherent sensing
matrices with respect to an orthogonal basis and evaluate the re-
sulting coherence. To evaluate the gain in using the proposed sens-
ing matrices, we compare their coherence with the corresponding
orthonormal basis Ψ with the one of commonly employed sens-
ing matrices. For the results here presented Ψ is the DCT basis of
the N dimensional space. As Eq. (10) dictates that H in Eq. (11)
should have equal entries of constant absolute values, we test two
different sets for H , Hadamard basis functions and Noiselets basis
functions.

For a fairer comparison, we also present results for a sensing
matrix Φ formed of vectors whose elements are drawn from a zero
mean unit variance Gaussian distribution that are normalized to
unit norm [15,16]. In the remainder of this paper we refer to this
set by the name Gaussian. As this set is not deterministic as the
Hadamard and the Noiselets ones, we apply this procedure 10 ×
2(log2 (N)−2) times in each case, N being the signal space dimen-
sion. Fig. 1 shows the coherence for N = {256,512,1024,2048} for
both Φ and H in Eq. (11) being the Hadamard, Noiselets and the
Gaussian sets. As it can be readily seen from Fig. 1, when Φ = HΨ

with H satisfying the “constant absolute value coordinates” dis-
cussed in Section 2.2, as is the case for Hadamard and Noiselets
set, the coherence is minimal, i.e., it equates 1√

N
. These results

were obtained for the Hadamard, Noiselets and Gaussian having
N linearly independent elements. Note that in Fig. 1 we show re-
sults of the Measurement matrix equal to the Gaussian multiplied
by the DCT only for completeness. This is so because the Gaussian
matrix does not satisfy the restriction of having constant absolute
value entries.

As can be seen in Fig. 1, when the Gaussian measurement ma-
trix is employed, it provides a much lower coherence with the DCT
basis than the Hadamard and Noiselets measurement matrices (the
Hadamard matrix of size N has a DC element vector in the first
row as well as the DCT basis). However, when the proposed rota-
tion method (Eq. (11)) is applied then the coherence with the DCT
is equal to the theoretical minimum 1√

N
.

Another way to evaluate the coherence of the proposed mea-
surement matrix is to compute the coherence between each vector
in Φ = {φ1, . . . ,φN} and the basis Ψ = {ψ1, . . . ,ψN }

μ(φ i,Ψ ) = max
ψ j∈Ψ

|〈φi,ψ j〉|
‖φi‖2‖ψ j‖2

(12)

as μ(Φ,Ψ ) is the maximum over i of μ(φi,Ψ ). Fig. 2 shows the
histogram of this per vector metric for N = 1024. The graphs on
the right hand side show the coherence of each vector from the
DCT matrix with the vectors in Φ for each of the three origi-
nal Φ , Hadamard in the first row, Gaussian in the middle row
and Noiselets in the last row. The vertical line shows the mean of
this coherence among all the vectors composing the DCT matrix.
The left hand side graphs show the histograms for the modified
Φ = HΨ – constructed accordingly the proposed procedure. One
can readily note the reduction in coherence when the rows of H
equate Noiselets and Hadamard basis functions. Also in, these cases
one attains the minimal coherence 1/

√
N .

3. Sensing matrices for biorthogonal transforms

There is a lot of work on signal processing using biorthogonal
transforms. In several applications (e.g. compression) biorthogonal
transforms tend to produce better performance than orthogonal
ones, as they provide sparser decompositions. This motivated us
to investigate the construction of sensing matrices that have low
coherence with bases corresponding to biorthogonal transforms. In
the previous section we have provided a way of designing sensing
matrices that are maximally incoherent to a given orthogonal ba-
sis. In what follows, we provide a construction of sensing matrices
with low coherence to a given biorthogonal basis. We prove that
the proposed sensing functions provide a local minimum on coher-
ence and show through experiments that they indeed possess very
low coherence with the biorthogonal basis. We also show via a
counter example that the proposed construction does not provide
a global incoherence maximum.

In a biorthogonal basis the rows of the sparsifying basis Ψ are
not necessarily orthogonal, i.e.

∃i, j such that 〈ψ i,ψ j〉 = δ(i − j), i = j, (13)

where ψ T
k is the k-th row of Ψ and

δ(k) =
{

1, if k = 0
0, otherwise.

(14)

In this case we define a synthesis basis Ψ such that Ψ T Ψ = IN ,
where IN is the identity matrix of size N .

Now suppose that the analysis basis is represented by the ma-
trix Ψ = [ψ1 ψ2 ... ψN ]T and the synthesis basis by the matrix
Ψ = [ψ1 ψ2 ... ψN ]T . Eq. (5) then becomes the decomposition of
vector h on the biorthogonal basis, that is

h =
N∑

h jψ j . (15)

j=1
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Fig. 2. μ(ψi ,Φ) for Ψ being the DCT matrix of dimension 1024, and different Φ as in the titles.
However, in the biorthogonal case ψ i and ψ j may not be orthogo-
nal, and the derivation presented in Section 2 is no longer valid. In
what follows we show a way to build vectors that are locally maxi-
mally incoherent with a given biorthogonal basis. For that purpose
we will derive a set of new synthesis and analysis bases, ψ ′

i and
ψ ′

i respectively. This is explained below.

3.1. Preliminaries

Assuming that 〈ψ i,ψ i〉 = 1 without any loss of generality, we
start by normalizing the synthesis basis so that ‖ψ ′

i‖2 = 1 and
〈ψ ′

i,ψ
′
i〉 = 1, ∀i. The net result of this is deriving two matrices

Ψ ′ and Ψ ′ from Ψ and Ψ , such that ‖ψ ′
i‖2 = 1 and (Ψ ′)T Ψ ′ = IN ,

without changing the directions of the elements.
This can be achieved by normalizing the elements of Ψ , and

scaling the norms of the elements of Ψ accordingly

ψ ′
i = ψ i

‖ψ i‖
and ψ ′

i = ‖ψ i‖ψ i . (16)

These operations do not change the directions of the vectors
defining the basis Ψ nor Ψ , therefore they do not change their
coherence to any set of vectors. Consequently, to build a set of
vectors that has low coherence with the biorthogonal basis Ψ is
equivalent to building a set of vectors that has low coherence
with Ψ ′ .

From the above, we conjecture that if we could find a vector
h being equidistant from all the vectors of the normalized syn-
thesis basis Ψ ′ , then any h′ = h sufficiently close to h would be
closer than h to one of the basis vectors of Ψ ′ , and, therefore,
more coherent to them. This implies that vector h would be, at
least locally, maximally incoherent with this basis. Note that this
condition is similar to the condition for maximum incoherence for
the orthogonal case given by Eq. (8) and Theorem 1. Therefore, we
have the theorem below.

Theorem 2. Let the normalized synthesis basis be {Ψ ′} (‖ψ ′
i‖2 = 1, ∀i ∈

{1, . . . , N}) and the corresponding analysis basis be {Ψ ′}. Let

μ
(
h,

{
ψ ′

i

}) = max
i

∣∣〈h,ψ ′
i

〉∣∣ (17)

be the similarity/coherence between a vector h and the elements of a
basis {ψ ′}. For
i
h =
N∑

i=1

αiψ
′
i (18)

the local (inside a small enough N-ball) minimum of μ(h, {ψ ′
i}) occurs

for |αi| = α, ∀i ∈ {1, . . . , N}.

The proof of this result is presented in Appendix A.
From the presented derivation, one sees that there are vectors h

locally maximally incoherent with the biorthogonal basis and they
are given by

h′ =
N∑

j=1

h jψ
′
j, (19)

where h j = ± 1√
N

, ∀ j. This results derives from the fact that for h′

as in Eq. (19), one has that

∣∣〈h′,ψ ′
j

〉∣∣ =
∣∣∣∣∣
〈

N∑
j=1

h jψ
′
j,ψ

′
j

〉∣∣∣∣∣ = |h j| = 1√
N

, ∀ j. (20)

It should be noted that for the particular case that the basis is
orthogonal, this is the condition discussed in Section 2.1.

3.2. Extension of the proposed method for biorthogonal bases

Eq. (19) can be rewritten as

h′ = Ψ ′T h (21)

where h is a vector with entries equal to ± 1√
N

. Consequently, one

can build a sensing matrix with low coherence with Ψ by stacking
vectors like hT above, yielding

Φ = HΨ ′, (22)

where H is such that its elements hi, j = ± 1√
N

, as in the previous

section. As in the orthogonal case, the rows of H can be a sub-
set of the Hadamard basis. The algorithm for obtaining Φ locally
maximally incoherent to a biorthogonal basis is presented in Algo-
rithm 2.
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Fig. 3. Example of locally incoherent basis construction for a biorthogonal basis.

Fig. 4. Example of a set more incoherent with a biorthogonal basis than the one from the construction in Fig. 3.
Algorithm 2 Computing locally maximally incoherent matrix Φ

with M elements w.r.t. a biorthogonal basis Ψ .
For i = 1 to N

ψ ′
i ← ψ i

‖ψ i‖2

ψ ′
i ← ‖ψ i‖2ψ i

End
H ← M randomly chosen lines from the Hadamard matrix of size N
Φ ← HΨ ′

3.3. Example

We now provide a simple example that shows what the nor-
malizing procedure actually does and which are the vectors that
may compose Φ = HΨ ′ . For a two dimensional space we have
that,

Φ = HΨ ′

Φ =
[

h1,1 h1,2
h2,1 h2,2

][
ψ ′

1,1 ψ ′
1,2

ψ ′
2,1 ψ ′

2,2

]
[

φ1,1 φ1,2
φ2,1 φ2,2

]
=

[
h1,1ψ

′
1,1 + h1,2ψ

′
2,1 h1,1ψ

′
1,2 + h1,2ψ

′
2,2

h2,1ψ
′
1,1 + h2,2ψ

′
2,1 h2,1ψ

′
1,2 + h2,2ψ

′
2,2

]
.

(23)

That is, each φi is a linear combination of the vectors ψ ′
j , and the

weights hi, j of the ψ ′
j have all the same absolute value for H as

envisioned.
Now, let the analysis basis Ψ of the 2D space be Ψ =

[β1 0;β2β3], with βk = 0, k = 1,2,3, and as it can be seen the
basis vectors are in the rows of Ψ . The inverse to it – the synthe-
sis basis is Ψ = [ 1

β1

−β2
β1β3

;0 1
β3

], such that Ψ Ψ T = I2. In this case

Ψ ′ becomes Ψ ′ = [
√

1 + β2
β3

0; β2
β3

1].
Fig. 3 shows the construction of Φ for this basis. In dashed

lines we have the vectors of the original basis Ψ . Also, dashed lines
show the vectors of Ψ ′ . In dash-dotted line we show all the possi-
ble combinations of ψ ′ to build the vectors that may compose Φ ,
which in turn are represented in solid lines. The vectors that can
be generated by Algorithm 2 are represented by the circles. All the
possible outcomes are shown – for simplicity and without any loss
of generality, in this example, the elements of H are considered to
have values ±1 instead of ±1√

N
.

The vectors in Φ obtained using this procedure are inside the
convex hull of the set composed by choosing either ψi or −ψi for
i ∈ {1, . . . , N}. It is important to note that, as the proof of Theo-
rem 2 assumes that there is only one vector inside each convex
hull, we can only state that the proposed construction generates
locally maximally incoherent functions. If we relax this condition,
depending on the actual coherence (angle) between the biorthog-
onal basis elements, one can find vectors that are more incoherent
with the basis elements. This is illustrated in Fig. 4 by the vec-
tors γ 1 and γ 2 – these are obtained directly from ψ1 and ψ2 to
be most incoherent with them, what is possible due to the low
dimensionality of the problem. These have an angle of 40◦ with
the basis elements, while the vectors obtained with the proposed
procedure have angles of 30◦ and 60◦ with the biorthogonal basis
elements, and thus a larger coherence since cos(30◦) > cos(40◦).

3.4. Numerical evaluation

We now present some empirical data on the coherence reduc-
tion obtained between biorthogonal transforms basis and sensing
function vectors constructed accordingly to Algorithm 2. As we
have stated in Theorem 2, and exemplified above, Algorithm 2
provides a way to construct locally maximally incoherent sensing
functions for biorthogonal bases. In this section we show experi-
mentally that the proposed construction generates sensing vectors
with a coherence to a biorthogonal basis that is much lower than
the ones of the noiselets and random Gaussian vectors.

We present results using the same framework as in Section 2.3.
The basis we use to test the proposed method for constructing
low coherent sensing function sets using Algorithm 2 is the CDF
9–7 Biorthogonal DWT [17]. Fig. 5 shows the coherence with the
CDF 9–7 for the space dimension N = {16,32,64,128,256,512,

1024,2048,4096} for H being the Hadamard, Noiselets and the
Gaussian sets. It also shows the coherence for sets of sensing func-
tions constructed as Φ = HΨ . As it can be readily seen from
Fig. 5 there is a reduction in coherence when the sensing functions
are constructed in accordance with Algorithm 2, that is making
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Fig. 5. μ(Ψ,Φ) for Ψ being the CDF 9–7 matrix of dimension N , and different Φ as in the legend box on the right.

Fig. 6. μ(ψi ,Φ) for Ψ being the CDF 9–7 matrix of dimension 4096, and different Φ as in the titles.
Φ = HΨ with H having entries of constant absolute values as
claimed in Theorem 2.

Fig. 6 shows the histograms of μ(ψi,Φ) as defined in Eq. (12)
for Ψ being the CDF 9–7 basis of dimension 4096. The graphs on
the right hand side show the coherence of each vector from the
CDF 9–7 matrix with the vectors in Φ for each of the three origi-
nal Φ , Hadamard in the first row, Gaussian in the middle row and
Noiselets in the last row. The vertical line shows the mean of this
coherence among all the vectors composing the CDF 9–7 matrix.
The left hand side graphs show the histograms for the modified
Φ = HΨ – constructed accordingly the proposed procedure. One
can readily note the reduction in coherence when H equates the
Noiselets and Hadamard bases, thus satisfying Theorem 2.

4. Results

For evaluating the proposed approach for constructing mea-
surement matrices we have assumed signal sparsity in both DCT
and Biorthogonal DWT (CDF 9–7) bases. As sensing matrices, we
have used either the proposed maximally incoherent matrices as
defined in Eq. (11) for the orthogonal case and the proposed lo-
cally maximally incoherent sensing matrices as in Eq. (22) for the
biorthogonal case, and also Noiselets [18,19] for comparison. This
results in 4 (four) possible combinations of measurement matrices
Φ and sparsity basis Ψ , which are:

• Noiselets with DCT (Orthogonal) (Noiselet@DCT);
• Maximally incoherent sensing matrices with DCT (Orthogonal)

(H×DCT@DCT);
• Noiselets with Biorthogonal DWT (CDF 9–7) (Noiselet@CDF97);
• Low incoherent sensing matrices with Biorthogonal DWT (CDF

9–7) with (H×CDF97@CDF97).

The presented selection of sparsifying transform/space (bases)
and measurement matrices allows for evaluating the impact of the
proposed measurement matrices in comparison to Noiselets, which
are very commonly employed in the compressed sensing literature.
In this sense, we hope to empirically evaluate the validity of the
proposed method for construction of maximally incoherent sensing
matrices for orthogonal bases and its extension to construct locally
maximally incoherent sensing matrices for biorthogonal bases.

For evaluating the proposed sensing matrices, we have applied
the above combinations of sparsity domain × sensing matrices for
image compression – a very common Compressive Sensing evalu-
ation approach [4,10,11]. It is important to note that neither we
propose this as the application focus for the sensing matrices we
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Fig. 7. Original images.

propose nor we intend to have a good image compressor based on
CS. This is so because the result presented in this work is theo-
retical. The image reconstruction application evaluated aims solely
to empirically verify its validity. That is, we verify if the reduc-
tion in coherence observed numerically in Sections 2.3 and 3.4
using the proposed sensing matrices does provide a gain in this
very simple CS evaluation framework. That being said, we simply
sense images using different sensing matrices and then reconstruct
them from quantized measurements to evaluate the distortion us-
ing PSNR (Peak Signal to Noise Ratio) – 10 log10

2552

MSE , MSE being
Mean Squared Error against the rate spent for encoding the co-
efficients. This rate simply accounts for the transmission of the
quantized measurements as in [14]. For that purpose, images are
sensed with varying quantity of measurements. The measurements
are then quantized with different levels of distortion, as in [14].
From the quantized measurements the images are reconstructed
using l1-norm minimization.

It is relevant to mention that for convex optimization the
l1eq_pd routine from l1-magic [20] optimization package was
used. In it, the primal–dual tolerance (duality gap) was set to 2000,
the maximum number of iterations for the primal–dual algorithm
was set to 3000, the conjugate gradient tolerance was set to 10−8

and the maximum iterations for conjugate gradient was set to 104.
Although there are several other reconstruction methods in the CS
literature [21,22,2,4], we employ l1-norm minimization since it is
not designed considering other signal characteristic besides spar-
sity, as, for example, is case of the Total Variation (TV) [21,23].
TV is designed considering specific images features. Therefore the
reconstruction using TV could hinder gains derived from the pro-
posed sensing matrices since it does not account only for signal
reconstruction considering sparsity but also other signal properties
and therefore tends to perform better for natural images.

We present results for four images: Lena, CameraMan, Text and
Phantom. These images are shown in Fig. 7. The set employed has
images with different characteristics and contents as we intend to
evaluate the impact of the proposed sensing matrices with images
having different characteristics. Lena and CameraMan reproduce
natural scenes and due to that, have been used in different papers
regarding image processing and compression. Phantom is known
to be more sparse and due to that it has been used for evaluation
in various compressed sensing papers. Text, being an excerpt of a
text page, presents a larger amount of high frequency content.

For each image and for a given quantity of measurements,
the measurement–quantization–reconstruction process is applied
10 (ten) times. This provides different realizations of compressive
sampling using different measurement vectors from the possible
ones (the measurement vectors are draw at random from the set
of possible measurements vectors using a uniform probability dis-
tribution). More specifically, we have used 20 000, 40 000, 45 000,
50 000, 55 000 and 60 000 measurements. The measurements are
then uniformly quantized and the required bit-rate is computed
as in [14]. For each image and rate the mean of the attained MSE
(Mean Squared Error) for the reconstructed images is used to com-
pute the PSNR (Peak Signal to Noise Ratio).

Figs. 8, 9, 10 and 11 show bit-rate versus peak signal-to-noise
ratio (PSNR) results for different combinations of sensing matrices.
In these graphs, the symbol © is used to denote that the sens-
ing matrix was constructed according to the algorithms presented
while the � denotes that the sensing matrices are Noiselets. In ad-
dition, straight lines denote that the sparsifying basis considered is
a CDF97 (biorthogonal wavelet) while dashed lines denote that the
sparsifying basis is the DCT (orthogonal). They are used to verify
the effectiveness of the proposed method for constructing sensing
matrices having low coherence with the sparsifying basis. As pre-
viously mentioned, the different bit-rates and PSNR are due to the
use of a different number of sensing vectors as well as due to dif-
ferent quantizers applied to the sensed values. Fig. 8 shows results
for the image “Lena” 256 × 256, Fig. 9 for the image “CameraMan”
256×256, Fig. 10 for the image “Text” 256×256, and at last Fig. 11
for the image “Phantom” 256 × 256.

Some features come out from the graphs:

• In general, assuming a biorthogonal basis as the sparse do-
main provides larger PSNR in the reconstruction of compres-
sive sensed images than when an orthogonal basis is assumed;

• When the proposed low coherence sensing matrix is employed
instead of the ones derived from Noiselets, then for the bases
tested the rate-distortion performance tends to improve.

The image Phantom is formed by simple geometric shapes, with
highly sparse DCT and Wavelet transforms. We note that, in this
case, the difference between the results of Noiselets and the pro-
posed measuring functions is marginal. This is so because, since
the level of sparsity is very large, CS has a very good performance,
which is not very much dependent on the measuring matrix used.
From the results observed one can say that using the low co-
herence matrices proposed in this work (maximally incoherent in
the orthogonal bases case and locally maximally incoherent in the
biorthogonal bases case) may be a reasonable and adequate choice
for constructing sensing matrices for compressive sensing.

5. Conclusion

In this paper we have proposed sensing matrices for use in
Compressive Sensing for a given sparsifying transformation. We
have proved that the proposed sensing matrices are maximally in-
coherent with respect to the sparsifying basis considered in the
case the sparsifying basis is orthogonal. In the case the sparsify-
ing basis is biorthogonal we provide locally maximally incoherent
sensing matrices. We present proofs of these claims for both, or-
thogonal and biorthogonal sparsifying bases.

In addition, it should be emphasized that the proposed full rank
sensing matrices can be constructed deterministically, that is, di-
rectly from the sparsifying basis assumed, without needing to use
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Fig. 8. Bit-rate × PSNR for the natural image “Lena”, for different combinations of basis and sensing matrices.

Fig. 9. Bit-rate × PSNR for the natural image “CameraMan”, for different combinations of basis and sensing matrices.

Fig. 10. Bit-rate × PSNR for the image “Text”, for different combinations of basis and sensing matrices.
any randomizing algorithm for the construction. An advantage of
this approach is that one guarantees incoherence, not in statisti-
cal sense as is the case for example when Noiselets are employed,
but from the construction itself. Note that, in our approach, the
only part that is not deterministic is the choice of the rows of the
full rank sensing matrix that will be used as sensing functions.
Therefore, one always obtains a measurement matrix being inco-
herent with the sparsifying basis, maximally for orthogonal bases
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Fig. 11. Bit-rate × PSNR for the synthetic image “Phantom”, for different combinations of basis and sensing matrices.
and locally maximally incoherent for biorthogonal bases. Empirical
evaluation of the coherence obtained when the proposed sensing
matrices are considered is provided that corroborates our claims.

A natural and intuitive test for evaluating the performance of
using biorthogonal bases in CS is with images, as for image cod-
ing such bases are employed with very good results. Therefore,
we have tested our sensing matrices in this framework as a proof
of concept – to verify if the proposed sensing matrices were ca-
pable of providing gains in actual CS applications and thus cor-
roborate the theoretical results presented. As we have observed
from presented results, in image coding applications, the rate-
distortion performance of CS using l1-norm minimization is im-
proved when the proposed sensing matrices are used, both for
orthogonal and biorthogonal bases. It is worth noting that, when
we use a biorthogonal transform (as the CDF 9–7) as sparsify-
ing basis, locally maximally incoherent sensing matrices lead to
better rate-distortion performances than the ones obtained with
maximally incoherent sensing matrices for orthogonal transforms
as sparsifying basis, probably because images are more sparse in
biorthogonal bases than in orthogonal ones.

Therefore, with the presented sensing vectors construction
methods of Algorithms 1 and 2, once the sparsifying basis (or-
thogonal or biorthogonal) is devised for some class of signals then
incoherent sensing vectors can be computed and employed for
compressed sensing of this class. In addition, the proposed meth-
ods to generate sensing vectors for Compressed Sensing do not
impact time and space complexity of the encoder–decoder process
using Compressed Sensing as the complexity of CS is impacted
mainly by the recovery algorithm used. The sensing vectors con-
structed using the proposed approaches are maximally incoherent
in the case of an orthogonal basis and locally maximally incoher-
ent in the case of a biorthogonal basis. This is an indication that
these characteristics may provide reconstruction gains as compared
to other sets of sensing vectors in CS applications.

Appendix A. Proof of local maximal incoherence of the proposed
matrices

Preliminaries. Let {ψ ′
i} and {ψ ′

i} be two biorthogonal bases of RN ,
one has that 〈ψ ′

i,ψ
′
j〉 = δ(i − j).

Without any loss of generality one can normalize either, e.g.
obtaining the basis {ψ i} such that ‖ψ i‖2 = 1, i ∈ {1, . . . , N} and
scaling the other accordingly to obtain {ψ i}, as in Section 3, and
one still has 〈ψ i,ψ j〉 = δ(i − j).
Note that the notation here differs from the one in Section 3;
we interchanged ψ ′

i for ψ i in order for the notation to be less
cumbersome.

That being said, below, we prove that the bases obtained in
Sections 2 and 3 are composed by maximally incoherent vectors.

Lemma. Let

p =
N∑

i=1

αiψ i . (A.1)

p is equidistant from all ψ i , i ∈ {1, . . . , N} if and only if αi = α j , i, j ∈
{1, . . . , N}.

Proof. Let

di = ‖ψ i − p‖2. (A.2)

By definition d2
i = ‖ψ i‖2

2 + ‖p‖2
2 − 2ψ T

i p. However,

ψ T
i p = pT ψ i =

N∑
j=1

α jψ
T
j ψ i = αiψ

T
i ψ i = αi . (A.3)

Since ‖ψ i‖2 = 1, then d2
i = 1 + ‖p‖2

2 − 2αi .
Therefore, di = d j if and only if αi = α j , ∀i, j. �

Corollary A. For a given value of ‖p‖2 , the distances from p to the vec-
tors of the basis {ψ i} are the same if and only if αi = α j = α > 0,
∀i, j ∈ {1, . . . , N}.

Proof. It is straightforward since ‖ψ i‖2 = ‖ψ j‖2 = 1 and ψ T
i p =

αi = α. �
Corollary B. Let di = ‖ψ i − p‖2 , Ψ = [ψ1 ψ2 · · · ψN ] and 1T =
[1 1 · · · 1]. If ∀i ∈ {1, . . . , N}, αi = α = 1

β
, with

β = 1T Ψ T Ψ 1, (A.4)

then the distances are

di =
[

β − 1

β

]1/2

, ∀i ∈ {1, . . . , N} (A.5)

and this is the minimal value attainable by these distances.



M.P. Pereira et al. / Digital Signal Processing 27 (2014) 12–22 21
Proof. Since the value of α that minimizes di is the same that
minimizes d2

i , we minimize the latter.
From the definition of p in the lemma above, one has that

p = Ψ [α1 α2 · · · αN ]T . (A.6)

For the case of p being equidistant from the ψ i , from the
lemma above one already knows that αi = α, ∀i ∈ {1, . . . , N}, then
p = Ψ 1α. Therefore,

‖p‖2
2 = 1T Ψ T Ψ 1α2. (A.7)

The squared distance is given by

d2
i = ‖ψ i‖2

2 + ‖pi‖2
2 − 2ψ T

i p

= 1 + ‖pi‖2
2 − 2α = 1 + α21T Ψ T Ψ 1 − 2α. (A.8)

Differentiating with respect to α and equating to zero one has that

∂

∂α

(
d2

i

) = 2αβ − 2 ⇒ α = 1

β
. (A.9)

Substituting this value in the definition of d2
i one obtains that

di =
(

β − 1

β

)1/2

. � (A.10)

Theorem. Let

μ
(
p, {ψ i}

) = max
i

∣∣〈p,ψ i〉
∣∣ (A.11)

be the similarity/coherence between p and the elements of the basis {ψ i}
(recall that ‖ψ i‖2 = 1, ∀i{1, . . . , N}). For

p =
N∑

i=1

αiψ i (A.12)

the minimum of μ(p, {ψ i}) occurs for αi = α, ∀i ∈ {1, . . . , N}.

Proof. One knows that

〈p,ψ i〉 =
〈∑

j

α jψ j,ψ i

〉
=

∑
j

α jψ
T
j ψ i = αi . (A.13)

Let p̃ = p+e be a vector such that ‖p̃‖2 = ‖p‖2 and p̃ ∈ B(p,ρ),
where B(p,ρ) is the N-ball centered in p of radius ρ .

From Corollary A we have that for being equidistant to the basis
elements one needs αi = α, ∀i ∈ {1, . . . , N}.

One can make ρ sufficiently small so that p̃ lies inside the cone
defined by {ψ i}, that is,

p̃ =
∑

i

ηiψ i, ηi > 0 ∀i. (A.14)

Then

〈p̃,ψ i〉 =
〈∑

j

αψ j + e,ψ i

〉
=

∑
j

αψ T
j ψ i + eT ψ i = α + eT ψ i .

(A.15)

From this one derives that

μ
(
p̃, {ψ i}

) = max
i

∣∣〈p̃,ψ i〉
∣∣ = max

i

∣∣α + eT ψ i
∣∣. (A.16)

Assuming that α > 0 (the case α < 0 is analogous), for

μ
(
p̃, {ψ i}

)
< μ

(
p, {ψ i}

)
(A.17)
it is necessary that

eT ψ i < 0. (A.18)

This means that e should belong to the cone generated by {−ψ i},
what leads to

e =
∑

j

γ jψ j ⇒ ψ T
i e =

∑
j

γ jψ
T
i ψ j = γi . (A.19)

This, in turn, implies that

ψ T
i e < 0 ⇔ γi < 0. (A.20)

From Eqs. (A.12), (A.14) and (A.19),

p =
∑

i

αψ i, p̃ =
∑

i

ηiψ i, e =
∑

i

γiψ i (A.21)

and one has that

p̃ = p + e ⇒
∑

i

ηiψ i =
∑

i

αψ i +
∑

i

γiψ i

= α
∑

i

ψ i +
∑

i

γiψ i . (A.22)

By left-multiplying the last expression by ψ T
j and from the fact

that ηi > 0 (Eq. (A.14)) one obtains

η j = α + γ j > 0. (A.23)

If e belongs to the cone defined by {−ψ j} then γ j < 0 ∀ j,
(Eq. (A.20)). Therefore

0 < η j < α, ∀ j. (A.24)

However, since ‖p‖2 = ‖p̃‖2, one has that

(α1)T Ψ T Ψ (α1) = nT Ψ T Ψ n, n = [η1η2 · · ·ηN ]. (A.25)

This contradicts Eq. (A.24), because Ψ Ψ T is positive definite.
Therefore, considering the coherence definition in Eq. (A.11)

there is no vector inside the N-ball centered in p of radius ρ
having smaller coherence than p as defined in Eq. (A.1) with
αi = β ∀i ∈ {1, . . . , N}, with β as in Eq. (A.4), Corollary B. This con-
cludes the proof. �
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