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Abstract— Infrared focal-plane array (IRFPA) detectors suffer
from fixed-pattern noise (FPN) that degrades image quality,
which is also known as spatial nonuniformity. FPN is still a
serious problem, despite recent advances in IRFPA technology.
This paper proposes new scene-based correction algorithms for
continuous compensation of bias and gain nonuniformity in
FPA sensors. The proposed schemes use recursive least-square
and affine projection techniques that jointly compensate for
both the bias and gain of each image pixel, presenting rapid
convergence and robustness to noise. The synthetic and real
IRFPA videos experimentally show that the proposed solutions
are competitive with the state-of-the-art in FPN reduction, by
presenting recovered images with higher fidelity.

Index Terms— Adaptive filtering, fixed-pattern noise, infrared
video, nonuniformity correction.

I. INTRODUCTION

NOWADAYS, most infrared imaging sensors use Infrared
Focal Plane Arrays (IRFPA). Each IRFPA is formed by

an array of infrared detectors aligned at the focal plane of the
imaging system. Due to the fabrication process, each detector
presents unequal responses under the same infrared (IR) stimu-
lus [1]. This spatially nonuniform response produces corrupted
images with a fixed-pattern noise (FPN) that has a slow and
random drift requiring constant compensation [2]. Hence, the
output signal of IR detectors needs to be corrected to produce
an image with the quality required by the application. Figure 1
shows a real-life infrared image corrupted with real FPN.

An accepted approach to FPN correction is to model the
pixel responses as affine, that is, a multiplicative term added
to a constant [3]; we thus define for each detector (pixel) an
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Fig. 1. Image corrupted with real FPN.

offset, or bias, and a gain. By correcting these offsets and
gains one aims to obtain a uniform response for the entire
FPA. In addition, since these FPA parameters drift over time,
such correction has to be performed periodically or even on a
frame-by-frame basis.

In most sensors, as the bias nonuniformity dominates the
gain nonuniformity, many nonuniformity correction methods
do not compensate for the latter [4]. However, better results
are achieved when both parameters are corrected. This paper
proposes new adaptive scene-based nonuniformity correction
(NUC) algorithms that jointly compensate for bias and gain
parameters on a frame-by-frame basis while progressively
improving registration. The key contribution of this work is
to show how to formulate the bias and gain corrections for
NUC using the adaptive filtering framework, particularly those
related to the RLS (Recursive Least Squares) and AP (Affine
Projection) algorithms. The proposed solutions produce com-
peting reduction in FPN in comparison to the available tech-
niques, while generating perceptually better images.

This paper is organized as follows. Section II provides a
review of the nonuniformity problem on IRFPA’s, as well as
the most used correction techniques. Section III is devoted to
discuss the NUC techniques pointing out in which class of
solution fall the proposed NUC methods. In Section IV, we
briefly provide the signal description. Section V proposes the
RLS solution to the NUC which is followed by the corre-
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sponding solution employing the AP algorithm in Section VI.
In Section VII the experimental results with real and synthetic
infrared videos are presented, along with a comparison to
other techniques. Section VIII contains the final remarks and
conclusions.

In this paper, we use the terms fixed-pattern noise and
spatial nonuniformity interchangeably.

II. IRFPA AND FIXED-PATTERN NOISE MODELS

Although the response of each pixel of an IRFPA is non-
linear, a largely used and accepted model for a FPA sensor is
the bias-gain linear model [2]–[10], given by

yk(i, j) = a(i, j)xk(i, j)+ b(i, j) (1)

where yk(i, j) is the response (measured signal) of the (i, j)-th
pixel of the IR camera at frame k, a(i, j) is the gain associated
to the (i, j)-th pixel, xk(i, j) is the uncorrupted image, that
is, the incident infrared radiation collected by the respective
detector at pixel coordinates (i, j) at frame k, b(i, j) is the bias
associated to the pixel at coordinates (i, j), and k = 1, 2, . . .
represents the frame number associated to its time instant.

Nonuniformity correction (NUC) algorithms target to esti-
mate the actual infrared radiation xk(i, j) by estimating the
gain and offset parameters from the readout values yk(i, j).
Once the bias b̂(i, j) and gain â(i, j) are estimated, an
estimate of the real and uncorrupted infrared image is given
by:

x̂k(i, j) = yk(i, j)− b̂(i, j)

â(i, j)
. (2)

Note that, although bias and gain drift over time, we have
dropped their dependency on frame k. This can be done
because the drift presented by FPN varies rather slowly. This
favors the use of time-invariant parameters modeled together
with some tracking of their slow variation.

III. NONUNIFORMITY CORRECTION TECHNIQUES

If we write equation (1) for every pixel (i, j) and two values
of k, we can solve the system of equations and compute
â(i, j) and b̂(i, j), as shown in equation (2). However, this
solution requires the knowledge of xk(i, j). The NUC methods
can be categorized in two classes according to the way the
values of a(i, j) and b(i, j) are estimated: calibration-based
(or reference-based), and scene-based.

Reference-based calibration methods for NUC use uniform
infrared sources (blackbody radiators) so that xk(i, j) is pre-
cisely known for all (i, j). The most widespread technique
is the Two-Point Calibration method [3], which employs two
blackbody radiation sources at different temperatures to calcu-
late both gain and bias parameters. Despite providing radio-
metrically accurate corrected imagery, such kind of method
interrupts the normal operation of the system during the
calibration stage, which is inconvenient in many applications.

Scene-based NUC techniques can overcome this drawback
by exploiting motion-related features in IR videos in order
to estimate the gain and bias. In general, these techniques

are classified as statistical and registration-based. Registration-
based techniques track pixel (or pixel-block) motion between
frames, and calculate the associated parameters for the
detectors related to the estimated displacements.

Statistical algorithms rely on the assumption that all detec-
tors in the array are exposed to the same range of irra-
diance (i.e. same statistics) within a sequence of frames.
This assumption is valid only if the scene content does not
vary significantly from frame to frame. Correction is achieved
by adjusting gain and bias parameters of each pixel in order
to obtain the same mean and variance for every pixel in the
array. Statistical algorithms have been reported by Harris [11],
Hayat [12], Torres [5], [6], Scribner [13] and others.

Registration-based algorithms use the idea that each detector
should have an identical response when observing the same
scene point over time (i.e. same radiance). These algorithms
often need a motion-estimation stage to align consecutive
frames and compare the responses of two different pixels to the
same radiance. Bias and gain are estimated so as the responses
become similar. In this case, it is also assumed that the scene
does not change considerably between consecutive frames.
Registration-based algorithms have been proposed by Sakoglu
et al. [10], Hardie [4], [7], Ratliff [2], [14], Averbuch [8],
and others. Our methods differ from the previously proposed
methods, e.g. Sakoglu et al. [10], because we consider both
gain and bias jointly and use a more flexible and general
motion model.

A RLS NUC method was presented in [15] by Torres et al.
As they point out, the validity of the method is based on the
assumption that the scene is constantly moving with respect
to the detector, which may not always be true.

Differently, our RLS method assumes only global motion
and does not make any assumption on how it varies. Rather,
we estimate motion from the frames and use it explicitly when
defining the error. Thus, our method can handle a wider class
of IR videos.

IV. PROBLEM STATEMENT

As previously mentioned, the key idea is to estimate the bias
and the gain associated to each pixel in the image, and then
use equation (2) to estimate the real and uncorrupted image.
First, we write equation (1) in vector notation as

yk = Axk + b, (3)

where yk is an N-dimensional vector representing the observed
image at time k, A is an N × N diagonal matrix whose
elements are the gain factors associated to the image pixels, xk

is an N-dimensional vector representing the real image at time
k and b is a vector representing the bias of the acquired data,
with all vectors in a lexicographical order. N is the number
of pixels in the image. The gain and the bias (offset) factors
are considered time invariant due to their slow drift [6].

If Â and b̂ are estimated values of the gain and bias,
respectively, an estimation of the real image is given by:

x̂k = Â−1
(

yk − b̂
)
. (4)

As this work proposes the estimation of the bias and gain
parameters continuously, we model the variation of the frames
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in time using a motion equation between two consecutive
frames of an IR image sequence as follows:

xk = Mkxk−1 + νk , (5)

where Mk is the matrix that implements the displacement
between consecutive frames k − 1 and k, and νk is the vector
that models the next frame updates that cannot be obtained by
a simple displacement.

We suppose that the motion between two successive frames
as being obtained by a motion estimation algorithm, and also
that vector νk containing the updates is negligible. In this work
we perform motion estimation using the LIPSE algorithm
described in Appendix VIII-A. For more detailed information
on the LIPSE algorithm, the reader is referred to [2].

By combining equations (3)–(5), it is possible to write the
estimation error vector of frame k based on frame k − 1, the
shift matrix Mk , gain and bias estimates as:

εk = yk − ŷk

= yk − ÂMkÂ−1
(

yk−1 − b̂
)

− b̂, (6)

where εk is the estimation error vector. The mean square error
is given by

εk = 1

N

N∑
i=1

[εk(i)]2 = εT
k εk

N
, (7)

where N is the total number of pixels in the image.

V. RLS ALGORITHM

RLS algorithms aim to minimize a weighted sum of square
errors [16], [17], that is

ξ RL S
k =

k∑
l=0

λk−lεl , (8)

where 0 � λ ≤ 1 is referred to as forgetting factor.
After some manipulation, it can be shown that the update

equation for the RLS algorithm may be written as [16], [18]:

b̂k+1 = b̂k − Ĥ−1
k ∇bεk , (9)

where Ĥk is an estimate of the Hessian matrix and ∇bεk is
the a priori error gradient. The following relations hold for
the Hessian matrix [19]:

Hk � ∇2
bξ

RL S
k = ∂2ξ RL S

k

∂b∂bT = λĤk−1 + ∂2εk

∂b∂bT . (10)

The above equations show how to update the Hessian matrix
at each step.

A. Bias Correction by RLS Method

It can be shown that the term ∇bεk in equation (9) is given
by (k index will be hidden for simplicity)

∇bε = 2

N

∂ε

∂b
ε. (11)

With this definition, we have that:

∂ε

∂b
=

(
AMA−1

)T − I. (12)

TABLE I

RLS ALGORITHM FOR BIAS CORRECTION

Do for k ≥ 0

εk = yk − AMkA−1
(

yk−1 − b̂k

)
− b̂k

Rk =
[(

AMk A−1
)T − I

]
·
[(

AMkA−1
)

− I
]

Ĥ′
k = λĤ′

k−1 + Rk

uk =
[(

AMkA−1
)T − I

]
εk

vk = BCGSTABL(Ĥ′
k ,uk)

b̂k+1 = b̂k − vk

The last term of equation (10) can be computed as:

∂2ε

∂b∂bT = 1

N

N∑
i=1

∂2

∂b∂bT [ε(i)]2

= 2

N

∂ε

∂b
∂ε

∂bT (13)

Since the term 2
N is constant, we define Ĥ = 2

N Ĥ′. The
complete RLS algorithm for bias correction is given by Table I.

The BCGSTABL symbol from the algorithm in Table I
represents the solution of the equation Ĥ′

kvk = uk by the
so-called BiCGstab(�) – Biconjugate Gradient Stabilized (�)
Method [20] in order to avoid the inversion of matrix Ĥ′

k . This
method is widely used for solving large sparse unsymmetric
linear systems and has provided good results in our experi-
ments.

B. Why BCGSTABL Instead of Matrix Inversion Lemma?

Adaptive filtering literature [16], [17] suggests, for the
computation of the Hessian inverse, the use of the matrix
inversion lemma

[A + BCD]−1 = A−1 − A−1B
[
DA−1B + C−1

]−1
DA−1,

(14)

where A, B, C and D are matrices of appropriate dimensions,
and A and C are nonsingular. Through this lemma it is
possible to update (Ĥ′

k)
−1 with O(N2) multiplications instead

of O(N3) multiplications needed for direct inversion of Ĥ′
k .

However, this reduction in complexity is achieved when
B and D are chosen to be vectors, i.e. B = DT = f and
C = α is chosen to be a scalar. In this case, the middle term[
DA−1B + C−1

]−1
is easily inverted as it becomes a scalar,

that is,
[
fTA−1f + α−1

]−1
.

In our case, B and D have to be matrices, i.e. B =
DT =

[(
AMkA−1

)T − I
]

and C = I. Thus, the middle

term
[
DA−1B + C−1

]−1
in equation (14) is a matrix, which

has to be inverted. Therefore, in this case, no complexity
reduction is obtained. For this reason, we have chosen to use
the BCGSTABL algorithm to avoid matrix inversion as it is
suitable to solve large sparse unsymmetric linear systems and
tends to converge in few steps (less than 30 iterations).
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C. Gain Correction by Tensorial-RLS Method

If we apply here a similar procedure used for bias correction
in subsection V-A, we can write the update equation as

Ak+1 = Ak − Ĝ−1
k ∇Aεk , (15)

where Ĝk is a Hessian matrix estimate and ∇Aεk is the a priori
error gradient [16]. As in equation (11), the error gradient is
given by (k index hidden)

∇Aε = 2

N

∂ε

∂A
ε. (16)

The last equation needs the evaluation of the derivative of
vector ε with respect to matrix A. This operation is achieved
by differentiating each element of vector ε with respect to the
full matrix A [19]. The result is a row-vector in which each
element is a matrix, that is, a 3-dimensional tensor. As a result,
we refer to the algorithm that we have developed to solve this
problem as Tensorial-RLS algorithm.

An approach to the development of these algorithms would
be to use tensorial notation and define tensorial operations.
Instead, in this work we opted to develop the gain correction
by firstly deducing a pixel-by-pixel gain estimator. Then, in
section V-C.1, we further develop the method by grouping
pixel-by-pixel operations in vectors and matrices, resulting
in a compact representation algorithm which is more easily
implemented.

The update equation for gain estimation of each pixel by
Tensorial-RLS can be written as

âk+1(i) = âk(i)− Ĝ−1
k ∇a(i)εk , (17)

where Ĝk is a Hessian matrix estimate and ∇a(i)εk is the a
priori error gradient [16]. The gains associated to the pixels
of the image are lexicographically ordered and their individual
values are accessed through index i (that is, a(i) = [A]ii ).

Strictly speaking, ∇a(i)εk is a scalar, as it is defined as ∂εk
∂a(i) .

Consequently, Ĝk is not a matrix, but a simple scalar which
represents the second-order partial derivative of εk with respect
to a(i). Thus, the symbol gk(i) will be used instead of Ĝk .

When the gradient is applied to the error defined in
equation (7), one gets the following (k index avoided for
simplicity):

∇a(i)ε = ∂ε

∂a(i)
ε

= −zT
[
∂A
∂a(i)

MA−1 + AM
∂A−1

∂a(i)

]T

ε, (18)

where z = (y − b). The partial derivatives will be expressed
in equations (22) and (23).

The Hessian matrix is given by [19]:

Gk � ∇2
a(i)ξ

RL S
k = ∂2ξ RL S

k

∂a2(i)
= λĜk−1 + ∂2εk

∂a2(i)
. (19)

The second order gradient of the error needed above is
obtained as:

∂2ε

∂a2(i)
= 2

N

{[
∂2ε

∂a2(i)

]T

ε + ∂ε

∂a(i)

[
∂ε

∂a(i)

]T
}
. (20)

TABLE II

TENSORIAL-RLS ALGORITHM FOR GAIN CORRECTION

Do for k ≥ 0

zk = (
yk−1 − b

)

εk = yk − Ak MkĀk zk − b

Do for 1 ≤ i ≤ N

uk (i) = [
Ȧk (i)MkĀk + Ak Mk

˙̄Ak (i)
]
zk

wk (i) = [
2Ȧk (i)Mk

˙̄Ak (i)+ Ak Mk
¨̄Ak(i)

]
zk

vk (i) = wT
k (i)εk + uT

k (i)uk (i)

gk (i) = λgk−1(i)+ vk (i)

âk+1(i) = âk (i)− g−1
k (i)uT

k (i)εk

Applying the second order gradient to the estimation error,
one obtains:

∂2ε

∂a2(i)
= −zT

[
2 ∂A
∂a(i)M

∂A−1

∂a(i) + AM ∂2A−1

∂a2(i)

]T
. (21)

In order to aid the visualization of the equations, we will
use Ā = A−1. Moreover, the higher order derivatives of the
gain matrix A and its inverse are presented as:

Ȧ(i) = ∂A
∂a(i)

=
⎡
⎣

0
1

0

⎤
⎦ (22)

˙̄A(i) = ∂A−1

∂a(i)
=

⎡
⎣

0
−a−2(i)

0

⎤
⎦ (23)

and

¨̄A(i) = ∂2A−1

∂a2(i)
=

⎡
⎣

0
2a−3(i)

0

⎤
⎦ (24)

where only the i i -th elements differ from zero. Then, equa-
tion (18) can be written more compactly as

∇a(i)ε = −zT
[
Ȧ(i)MĀ + AM ˙̄A(i)

]T
ε. (25)

The Tensorial-RLS algorithm for gain estimation is shown
in Table II. The “tensorial” denomination comes from the fact
that the solution for whole image needs tensorial notation,
as the solution for individual pixels uses matrix-vector and
matrix-matrix multiplications.

1) Vectorization of Tensorial-RLS Algorithm for Gain Cor-
rection: Due to sparse structure of matrices in the Tensorial-
RLS algorithm, it is possible to group the calculations in
order to transform the loop (in the Tensorial-RLS algorithm of
table II) into matrix operations. This can lead to a significant
improvement in the speed of the algorithms when implemented
in a matrix-oriented programming language such as MATLAB.

First, we define a matrix Z = diag (z) and we redefine
(k index hidden to aid visualization)

˙̄A = −diag
(
a−2(1), a−2(2), . . . , a−2(N)

)
(26)

¨̄A = 2diag
(
a−3(1), a−3(2), . . . , a−3(N)

)
, (27)

which are calculated at each iteration.
Let’s first analyze the term uk(i) in table II. Its squared

norm will be used to calculate vk(i). However, we can compute
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TABLE III

TENSORIAL-RLS ALGORITHM FOR GAIN CORRECTION (VECTOR FORM)

Do for k ≥ 0

zk = (
yk−1 − b

)

εk = yk − AkMk Ākzk − b

Zk = diag (zk)

Uk = diag
(
Mk Ākzk

) − Zk AkMk
˙̄Ak

Wk = Zk

(
2Mk

˙̄Ak − AkMk
¨̄Ak

)

vk = Wkεk +
[∑

i
[
Uk ◦ Uk

]
i j

]T

gk = λgk−1 + vk

αk = UT
k εk
gk

Ak = Ak−1 + diag (αk)

uk(i) for all i in one step, store the results in the columns of
a matrix Uk and then compute their squared norms. The latter
operation will be represented by

∑N
i [Uk ◦ Uk]i j , meaning that

the norms of the columns are calculated and stored in a row-
vector. The symbol “◦” represents Hadamard or element-wise
product, that is, p = q ◦ r is given by

[
p
]

i = [
q
]

i [r]i .
The same idea can be applied to the term wk(i) in table II.

The results for all i will be calculated in one step and stored
in the matrix Wk , which will be further multiplied by εk . It
is important to note that the conception of matrices Uk and
Wk is possible owing to the special sparsity of the matrices
Ȧk(i),

˙̄Ak(i) and ¨̄Ak(i). They have only the i i -th element
different from zero, thus a post-multiplication by a matrix
(e.g. Ȧk(i)MkĀk) will conserve only the i -th row, whereas
a pre-multiplication (e.g. AkMk

˙̄Ak(i)) will keep only the i -th
column.

The vector version of Tensorial-RLS algorithm for gain
correction is shown in Table III, where Hadamard or element-
wise division p =

( q
r

)
is given by

[
p
]

i = [q]i
[r]i

.

VI. AFFINE PROJECTION ALGORITHMS

Affine projection (AP) is a class of adaptive-filtering algo-
rithms which recycles the old data signal in order to improve
the convergence as compared to stochastic gradient-type of
algorithms. Also referred to as data-reusing algorithms, the
AP algorithms are known to be viable alternatives to the RLS
algorithms by achieving lower computational complexity in
situations where the input signal is correlated. The penalty to
be paid when increasing the number of data reuse is a slight
increase in algorithm misadjustment [21].

Due to memory limitations in the implementation of AP
algorithm, we introduce here a different approach from the
one usually found in the literature [16], [22], [23]. We define
the objective function as

ξ AP
k =

k∑
i=k−L

εi =
k∑

i=k−L

εT
i εi , (28)

where L corresponds to the amount of reused data. By
minimizing (28) we minimize the estimation error squared
over a window of size L. The main difference between RLS
and AP algorithm is that the former considers the whole past

TABLE IV

AP ALGORITHM FOR BIAS CORRECTION

Do for k ≥ 0

εk = yk − AMkA−1
(

yk−1 − b̂k

)
− b̂k

Rk =
[(

AMk A−1
)T − I

]
·
[(

AMkA−1
)

− I
]

Keep Rk ,Rk−1, . . . ,Rk−L−1 in memory.

Ĥ′
k = λĤ′

k−1 + Rk − Rk−L−1

uk =
[(

AMkA−1
)T − I

]
εk

vk = BCGSTABL(Ĥ′
k ,uk)

b̂k+1 = b̂k − vk

of errors weighted by the forgetting factor, whereas the latter
considers only a window of past errors, giving the same weight
to all errors.

The AP algorithm usually requires less computational
complexity than the RLS algorithm brought about by the
reduction in the dimension of the information matrix that is
inverted. In addition, the finite memory of the AP algorithm
reduces the noise enhancement and the negative effects of
the slow variations of the FPN, both inherent to the RLS
algorithm, see [16] for details.

Following a similar procedure to the one used in Section V,
it can be shown that the Hessian matrix can be estimated by

Hk � ∇2
bξ

AP
k = ∂2ξ AP

k

∂b∂bT (29)

= Ĥk−1 + ∂2εk

∂b∂bT − ∂2εk−L−1

∂b∂bT . (30)

The matrix Ĥk accumulates information about the last L
errors. When new information comes, the oldest error contri-
bution has to be subtracted. In short, RLS and AP algorithms
differ from the way the Hessian matrix is estimated. Apart
from that, the algorithms are basically the same (e.g. a priori
error gradient, etc).

A. Bias Correction by AP Algorithm

The update equation for the Affine Projection algorithm is
the same as equation (9), repeated here for convenience:

b̂k+1 = b̂k − Ĥ−1
k ∇bεk , (31)

where Ĥk is an estimate of the Hessian matrix and ∇bεk is
the a priori error gradient [16].

It is straightforward to show, by substituting equations (12)
and (13) into equation (29), that

Ĥ′
k = λĤ′

k−1 + Rk − Rk−L−1, (32)

where Rk =
[(

AMkA−1
)T − I

]
·[(AMkA−1

) − I
]
. Past values

of Rk , up to the (k − L − 1)-th, must be kept in memory.
The complete affine projection bias correction algorithm is

summarized in Table IV.
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TABLE V

TENSORIAL-AP ALGORITHM FOR GAIN CORRECTION (VECTOR FORM)

Do for k ≥ 0

zk = (
yk−1 − b

)

εk = yk − Ak MkĀk zk − b

Uk = diag (MkAk zk)− ZkAk Mk
˙̄Ak

Wk = Zk

(
2Mk

˙̄Ak − Ak Mk
¨̄Ak

)

vk = Wkεk +
[∑

i
[
Uk ◦ Uk

]
i j

]T

Keep vk , vk−1, . . . , vk−L−1 in memory.

gk = λgk−1 + vk − vk−L−1

αk = UT
k εk
gk

Ak = Ak−1 + diag (αk)

B. Gain Correction by Tensorial-AP Algorithm

For the gain estimation, the vector gk in Table III plays
the role of Hessian matrix. Strictly speaking, as seen in
Section V-C, the second-order partial derivatives become
scalars and we have only to worry about one value per pixel.
The values of gk can be regarded as variable step sizes for each
pixel. Their update rule follows the same idea of Section VI-A:
the newest vk of L values will be added to the accumulator
gk , whereas the oldest (i.e. vk−L−1) will be subtracted from
the accumulator.

In the experiments described in Section VII, we use the
vector form of the Tensorial-RLS algorithm (Table III) as a
basis to Tensorial-AP algorithm. The difference is in how the
vector vk is updated. The complete Tensorial-AP algorithm for
gain correction is shown in Table V.

C. Handling Dead Pixels, Leaking Pixels and Algorithm
Breakdown

In this section we address problematic conditions which
can lead to an algorithmic breakdown. We base our analysis
primarily on equations (1) and (2). A breakdown would occur
if we could not use equation (2) for FPN correction, repeated
here for convenience:

x̂k(i, j) = yk(i, j)− b̂(i, j)

â(i, j)
. (33)

Suppose we apply our FPN correction method to an IR
video sequence obtained by a camera with dead pixels, i.e.
a(i, j) = 0 for some {i, j}. The gain estimation algorithm
would eventually converge to â(i, j) = 0 and equation (33)
could not be used. Thus, we could set a minimum accepted
gain, say amin , and monitor all â(i, j) to ensure that their
values are at least amin .

Another situation where the video acquisition does not agree
with the observation model in (1), is the case of leaking pixels,
i.e. yk(i, j) = a(i, j)x(i, j)+ b(i, j)+ a(i + δi , j + δ j )x(i +
δi , j + δ j ) + b(i + δi , j + δ j ) for some {i, j, δi , δ j }. In this
case, divergence of â(i, j) and b̂(i, j) estimates may occur.

Ideally, in order to take into account these particularities,
the camera sensor should be studied and its model used to
derive the algorithms. However, we can prevent breakdowns by

adequately choosing {amin , amax} and {bmin, bmax} and simply
forcing â(i, j) and b̂(i, j) to lie within these ranges.

VII. RESULTS

This section presents the results obtained with the proposed
algorithms and compares their performances to the state-of-
the-art NUC algorithms. First, the performance – meaning
fidelity of estimated video to the uncorrupted video – of the
algorithms is assessed through simulated data. Synthetic FPN
and random noise are introduced in simulated infrared video
obtained from a static image. Then, we apply the algorithms
to real FPN-corrupted infrared video, where the performance
of the methods is subjectively evaluated. In the experiments
pixel values can only range from 0 to 255 (image dynamic
range).

A. Simulation Results

For image quality evaluation, we use two measures: PSNR1,
for its frequent use in image quality assessment, and SSIM
(Structural SIMilarity) [24], for its good consistency with sub-
jective assessment compared to other measures. Both PSNR
and SSIM indicate how close the estimated image x̂k is from
the real uncorrupted image xk . When the two images are
identical the PSNR valeu will be infinite, whereas SSIM will
be one. Thus, the higher both measures are, the better is the
image’s fidelity. We will use log10(SSIM) to emphasize the
numerical differences between the methods.

We compared four algorithms: LMS-based NUC devel-
oped in [25], Kalman-Filter-based [8], Tensorial-RLS [9]
(described in detail in Section V) and the proposed Tensorial-
AP described in Section VI. We have chosen the Kalman-
Filter-based method described in [8] as the reference method
for our comparisons since it provides state-of-the-art results
without any assumptions about the scene content or motion
behavior. Other methods may provide similar results, but they
often rely on motion constraints (i.e. only 1D in [2] or non-
subpixel in [7]), which restricts the gamut of videos they can
be applied to. Also, Zuo et al. [26] proposed a gradient descent
NUC algorithm which considers motion explicitly. The method
is similar to the LMS-based one developed in [25].

We generated 50 videos from portions of static images. An
example can be seen in Figure 2. Each video contained 250
frames with resolution 128 ×128 pixels. Between consecutive
frames there were translational shifts defined by random real
numbers from −2 to 2. Synthetic FPN was inserted and
corrupted all frames of the videos. We remind that FPN (fixed-
pattern noise), as the name suggests, is time-invariant. We
inserted FPN according to equation (1) with gain standard
deviation randomly selected from the interval 0 ≤ σA ≤
0.1 and bias standard deviation randomly selected from the
interval 0 ≤ σb ≤ 0.5. Additive noise, with standard deviation
randomly selected from the interval 0 ≤ σn ≤ 0.05, was
also added to each frame. We used normal distribution for
the random selection of the bias and the gain.

1PSNR(x, y) = 10 log10
2552

MSE(x,y) .
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(a) (b)

Fig. 2. (a) Original image. (b) Image corrupted with synthetic FPN.
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Fig. 3. Mean PSNR obtained results from simulated data.

TABLE VI

AVERAGE RESULTS FOR 50 SYNTHETICALLY FPN-CORRUPTED VIDEOS.

HIGHER VALUES OF PSNR AND SSIM DENOTE BETTER RESULTS

PNSR [dB] log(SSIM)[×10−4]
LMS 34.7043 −0.1226

Kalman 34.9060 −0.1242

Tensorial-RLS 35.0844 −0.1234

Tensorial-AP 36.1221 −0.0989

We have used μ = 0.1 as step size in the LMS-based
algorithm, λ = 0.999 as forgetting factor in the RLS algorithm
and L = 3 as the number of reused inputs in the AP algorithm.

The videos were processed with the four algorithms, and the
fidelity of the reconstructed video in reference to the uncor-
rupted one was evaluated through PSNR and SSIM measures.
Figures 3 and 4 show the average of the 50 generated videos.
The frame number axis was not averaged in order to show
the convergence of all methods. Table VI shows the average
results.

Additionally, the experiments have shown that the order that
gain and bias FPN correction are performed (i.e. first bias then
gain or first gain then bias) does not affect the final result. As at
each iteration (i.e. each new frame) the bias and gain estimates
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Fig. 4. Mean SSIM obtained results from simulated data.
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Fig. 5. Tensorial-AP performance using true motion information and shift
estimation by the LIPSE algorithm and the Brox algorithm [27].

are only slightly refined, the final result does not depend on
the order of corrections.

B. Errors in Shift Estimation

In this section, we assess the performance of the
Tensorial-AP algorithm in terms of shift estimation errors and
shift estimation algorithms. We generated 100 videos from
portions of static images with known vertical and horizontal
shifts. Then, we fed the Tensorial-AP algorithm with true
motion information, motion estimated by LIPSE algorithm
described in Appendix VIII-A and motion estimated by Brox’s
algorithm described in [27]. Since the FPN estimation and
removal improves according to the frame number, we applied
a pre-correction before estimating shifts between each pair of
frames. Therefore, shift estimation error also tends to improve
with time for the noise level tends to decrease. Figure 5 shows
this behavior and the evolution of image quality and motion
estimation mean squared error (MSE) with time.

As expected, the best performance is attained when true
motion is available. However, LIPSE algorithm performed
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TABLE VII

PARAMETERS USED FOR EACH ALGORITHM IN

EXPERIMENTS WITH REAL INFRARED VIDEOS

LMS Step Size μ = 0.3

Kalman Forgetting factor λ = 0.9

Tensorial-RLS Forgetting factor λ = 0.9

Tensorial-AP Reuse order & step size L = 2 & μ = 2

better than Brox’s [27], which is one of a family of optical-
flow-based algorithms [27]–[31].

Although optical-flow-based algorithms provide excellent
results for most real videos, when strong fixed-pattern noise
is present the averaging nature of LIPSE (see Appendix A
attenuates the FPN and provides better results, mainly in
the beginning of the simulations, when the FPN level is
high, as argued in [2], [32]. Moreover, in our studies we
have focused on pure translational motion, what justifies the
use of LIPSE algorithm. For complex non-global motion, a
differential coarse-to-fine motion estimation method should be
used [27]–[31].

Figure 5 also shows the performance of Tensorial-AP algo-
rithm in presence of errors in shift estimation. The convergence
speed is slowed down when motion is not accurately estimated.
However, since we use only one iteration of the recursive
algorithm for each new incoming frame, each update is only
slightly affected. Moreover, when the noise level lowers with
time, the shift estimation tends to become more accurate.

C. Real IR Videos Results

We shot video sequences using a FLIR SYSTEMS model
ThermaCAM P65 infrared camera, with a focal plane array
uncooled microbolometer detector. Each infrared sequence
consists of 200 frames with picture size of 320×240 pixels at
60 frames/second. The “Noise Reduction” option was switched
off, as well as the “Shutter Period” option. The latter refers
to the FPN correction provided by the camera manufacturer.
When active, the camera shutter receives a periodic signal
closure (varying from 3 to 15 minutes) to perform a two-point
calibration.

The FPN contamination was very clear in the acquired
video. In order to assess the performance of each FPN reduc-
tion method, we applied the four algorithms under evaluation
to the captured videos. The algorithms had some of their
parameters empirically adjusted in order to achieve the best
result from each method. The new parameters are shown in
Table VII.

Figures 6 to 9 show the 133-th frame of the observed video
“telephone” alongside the corrected videos by each of the
four algorithms under evaluation. Figures 10 to 13 show the
190-th frame of the observed video “tube segment” alongside
the corrected videos by each of the four algorithms under
evaluation.

We also applied the Tensorial-AP algorithm to a
infrared video sequence obtained on the internet
(http://www.youtube.com/watch?v=lHw_JWLkqOo). The seq-
uence shows aerial images of a truck and another vehicle. The

(a) (b)

Fig. 6. (a) Telephone-observed IR video. (b) FPN-corrected video by LMS
algorithm.

(a) (b)

Fig. 7. (a) Telephone-observed IR video. (b) FPN-corrected video by
Averbuch/Kalman algorithm.

(a) (b)

Fig. 8. (a) Telephone-observed IR video. (b) FPN-corrected video by
Tensorial-RLS algorithm.

(a) (b)

Fig. 9. (a) Telephone-observed IR video. (b) FPN-corrected video by
Tensorial-AP algorithm.

images are corrupted with FPN, though one can notice that
it is a different type of FPN. Specifically, the stripe pattern
is horizontal rather vertical. The 69-second original frame
(on the left) along with the processed image (on the right)
are shown in Figure 14 as an example of the Tensorial-AP
algorithm output.

We can observe on the real images that the algorithms were
able to remove the FPN more or less efficiently depending on
each one’s characteristics. Interestingly, the video on Figure 14
showed originally overlaid helping information and target lines



4766 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 21, NO. 12, DECEMBER 2012

(a) (b)

Fig. 10. (a) Tube segment-observed IR video. (b) FPN-corrected video by
LMS algorithm.

(a) (b)

Fig. 11. (a) Tube segment-observed IR video. (b) FPN-corrected video by
Averbuch/Kalman algorithm.

(a) (b)

Fig. 12. (a) Tube segment-observed IR video. (b) FPN-corrected video by
Tensorial-RLS algorithm.

(a) (b)

Fig. 13. (a) Tube segment-observed IR video. (b) FPN-corrected video by
Tensorial-AP algorithm.

which were also removed by the Tensorial-AP algorithm.
Considering that those artifacts are constant throughout the
entire sequence, they match the FPN definition and their
removal is consistent.

From a mathematical perspective, the results obtained are
reasonable since we do not assume in our models any vertical
or horizontal pattern for the FPN. Rather, each pixel has
its own gain and bias and no correlation between pixels is
imposed.

(a) (b)

Fig. 14. (a) Observed “truck” IR video. (b) FPN-corrected video by Tensorial-
AP algorithm.

TABLE VIII

AVERAGE TIME (IN SECONDS) OF EXECUTION FOR 50 SYNTHETICALLY

FPN-CORRUPTED VIDEOS. LOWER VALUES ARE BETTER

LMS Kalman Tensorial-RLS Tensorial-AP

26.7441 315.7993 334.2236 76.3300

As can be observed, the best perceptual results are achieved
by the AP and RLS algorithms with the former having a
much smaller computational complexity, as detailed in the next
subsection.

D. Computational Load

The computational complexity of each algorithm has also
been assessed by measuring their execution times. Table VIII
shows the average results in seconds for the 50 videos men-
tioned in Section VII-A. As expected, LMS-based algorithm
was the fastest due to its simplicity. Tensorial-AP outper-
formed the others because BCGSTABL converged in less
steps.

VIII. CONCLUSION

This work presented two new algorithms for NUC (bias
and gain nonuniformity correction) in infrared videos. The
proposed methods, called Tensorial-RLS and Tensorial-AP,
are based on Recursive Least-Squares and Affine Projection
adaptive filters. They received the “Tensorial” denomination
due to the fact that their derivation includes the concept of
tensors.

Although the notion of tensors was employed, it has not
been necessary to use tensorial notation. Instead, a pixel-by-
pixel version was developed, which was further grouped into a
compact vectorial version. This version is easier to implement
and faster when matrix-oriented programs are used (e.g. in
MATLAB, matrix multiplications are faster than loops).

Section VII showed the results when comparing the
proposed algorithms to state-of-the-art NUC proposed by
Averbuch in [8]. Although Averbuch named his algorithm
“Kalman-filter-based”, it is rather an RLS-based method, as
Averbuch himself observed. In fact, when only bias FPN
is present, the performances of Tensorial-RLS and Aver-
buch/Kalman algorithm are quite equivalent.

However, when also gain FPN exists, Tensorial-RLS out-
performs Kalman-based methods, as the former corrects both
gain and bias FPN whereas the latter corrects bias only. The
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affine projection algorithm (Tensorial-AP), on the other hand,
showed the best results of video quality for both image quality
measures (PSNR and SSIM).

Concerning speed of convergence and final misadjustment,
the experiments showed the following:

1) LMS (only bias): slow convergence and low
misadjustment.

2) Kalman (only bias): fast convergence and high
misadjustment.

3) RLS (bias and gain): fast convergence and high
misadjustment.

4) AP (bias and gain): fast convergence and low
misadjustment.

Both RLS and Kalman presented high misadjustment prob-
ably due to the additive random noise incorporated (i.e.
convergence and final misadjustment trade-off). Affine pro-
jection algorithm showed good speed of convergence and low
misadjustment compared with RLS and had the best combined
results of the compared methods.

Observing the results from the experiments using real
infrared video, we can subjectively rank each method accord-
ing to image quality as (informal subjective tests have been
carried out): Tensorial-RLS and Tensorial-AP (best results),
Kalman and LMS-based (worst result). The Tensorial-RLS
and the Tensorial-AP algorithms were considered equivalent
in terms of subjective quality.

APPENDIX A

A. LIPSE Motion Estimation Algorithm

LIPSE stands for “linear interpolation projection-based shift
estimator”. The advantages of projection-based algorithms are
speed and noise robustness, specially the FPN which can
severely affect motion estimation reliability [32]. For detail
information on LIPSE, see [2], [32].

Let yk−1 and yk be two consecutive frames of a video
presenting only translation shifts. Each pixel of the image
is represented by yT (i, j), and the projections of rows and
columns are respectively defined as yR( j) = 1

N

∑N
i=1 yT (i, j)

and yC(i) = 1
M

∑M
j=1 yT (i, j).

The solution will be given only to the projection of columns
(yC(i), referred to as y(i) from now on), since it is analogous
to the projection of rows. Suppose that there is only subpixel
motion between consecutive frames (as integer shifts are
compensated – see algorithm below). Each element of the
projection of the k-th frame is estimated by

ŷk(i) = (1 − δk)yk−1(i)+ δk yk−1(i + 1), (34)

where 0 ≤ δk < 1 is the subpixel shift. The MSE (mean-square
error) is defined as ϕk = 1

M

∑M
i=1

[
yk(i)− ŷk(i)

]2.
The value of δk which minimizes the MSE is such that

∂ϕk
∂δk

= 0 and the solution is given by δk = ψk
ζk

, where

ψk =
M−1∑
i=1

{
yk(i)

[
yk−1(i)− yk−1(i + 1)

]

+ yk−1(i)
[
yk−1(i + 1)− yk−1(i)

]}
(35)

and

ζk =
M−1∑
i=1

{
y2

k−1(i)− 2yk−1(i)yk−1(i + 1)+ y2
k−1(i + 1)

}
.

(36)

In summary, the LIPSE algorithm is given by the following
steps:

1) Compute δk = ψk
ζk

through equations (35) and (36) for
all possible integer shifts �k between the projections of
consecutive frames yR( j) and yC( j).

2) Find MSE’s ϕk for all combination produced in the
previous step.

3) Select the �k which produces the smallest MSE ϕk .
4) Form the total shift estimate dk = �k + δk .
5) Repeat previous steps for the projections of the rows

yR( j) and then obtain the complete shifts (columns and
rows) dk .
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