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Abstract—The increasing use of power electronics in power sys-
tems causes a high injection of harmonic components which can in
turn interfere with utility equipment and customer loads. There-
fore, the correct estimation and measurement of harmonics have
become an important issue. If the power frequency of the signal is
steady and near the nominal value, the discrete Fourier transform
(DFT) can be used and good estimation performance is achieved.
However, there are considerable power frequency variations on
isolated systems such as shipboard power systems, micro-grids and
smart-grids. When these variations occur there may be significant
errors in the estimates using the DFT. In order to deal with this
problem, this work presents a novel technique based on demod-
ulation of the power line signal and subsequent filtering for har-
monics estimation. Themain features of the proposed harmonic es-
timation technique are: precise and accurate estimation of har-
monics of off-nominal frequencies and fast estimation of har-
monics (about two cycles of the fundamental component). Simu-
lation results show that the proposed technique performs well in
comparison with the DFT and can be a good candidate to replace
it in cases where the power frequency is subject to considerable
variations.

Index Terms—Controlled FIR filter, harmonics estimation, off-
nominal frequency.

I. INTRODUCTION

T HE increasing use of power electronic devices in power
systems has been producing significant higher har-

monic distortions, what can cause problems to computers
and microprocessor-based devices, thermal stresses to electric
equipments, harmonic resonances, as well as aging and derating
to electrical machines and power transformers [1]–[4]. One
of the most important problems that have been reported in
the literature concerns the difficulty of the frequency control
within the micro-grids and the increase of the total harmonic
distortion. These two factors may negatively impact on the
protection system, power quality analysis and other intelligent
electronic devices (IEDs), in which digital algorithms assume
that the fundamental frequency is constant. Based on this fact,
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there has been an increasing interest in signal processing tech-
niques for detecting and estimating harmonic components of
off-nominal frequencies. Their correct estimation has become
an important issue in measurement equipment and compen-
sating devices. Although many methods have been proposed
in the literature, it still remains difficult to detect and estimate
harmonics of off-nominal frequencies [5], [6]. The harmonic
components (voltage or current) can change its frequencies due
to continuous changes in the system configuration and load
conditions, to the rapid proliferation of distributed resources,
and to possibilities of new operational scenarios (e.g., islanded
microgrids) [7]. Also the need for massive monitoring of
networks is unquestionable within the concept of smart-grid.
An important line of research in the smart grids context is to
identify and estimate harmonics that may appear in the current
and voltage signals, and from this information, correct and
adjust the digital algorithms that are part of electronic devices.
The most used technique for harmonics estimation is based

on the discrete Fourier transform (DFT) [8]–[10]. The DFT al-
gorithm is attractive because of its lower computational com-
plexity and its simple structure. However, DFT does not perform
well if power system frequency varies around the nominal value
[11]. Several other techniques have been proposed in the liter-
ature for harmonic estimation. Among them, we can mention
wavelet transforms [12], [13], phase-locked loops (PLL) [7],
[14], [15], least-squares (LS) techniques [16], Kalman filters
[17], [18], neural networks [5], [19], and Gauss-Newton Gra-
dient methods [20]. A good survey of some techniques are pre-
sented in [21]. Although each of these techniques presents spe-
cific advantages, none is reported to performwell in off-nominal
frequency environments in which fast estimation (low estima-
tion delay in samples) is needed.
The proposed technique is based on the demodulation method

initially introduced in [22] for estimating the phase of the fun-
damental component. Other methods for estimating the funda-
mental component based on demodulation are presented in [23]
and [24]. In this paper, we propose to extend the demodula-
tion-based method using a controlled filtering method so that
not only the fundamental component but also the harmonics can
be estimated. Basically, the filter response and the demodula-
tion signals are controlled by a frequency estimator. As a result,
accurate estimation of harmonics of off-nominal frequencies in
two cycles of the fundamental component is achieved. Simula-
tion results show that the proposed technique performs well in
comparison with the DFT and can be a good candidate to re-
place it.
The paper is organized as follows. Section II formulates

the harmonic estimation technique based on demodulation.
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Section III discusses the technique implementation. Section IV
assesses the performance of the proposed technique through
numerical simulations. Finally, concluding remarks are stated
in Section V.

II. TECHNIQUE FORMULATION

Consider the monitored power line signal after processed by
the analog anti-aliasing filter expressed as

(1)

where and are, respectively, the amplitude and
phase of the -th harmonic, is the maximum harmonic
order, is the additive noise, and denotes the angular fun-
damental synchronous frequency. Based on the definition of in-
stantaneous frequency deviation [25], [26], the frequency of the
-th harmonic can be defined as

(2)

Assuming constant, note that any variation in can be
expressed by the term . As (the
frequency of the -th harmonic is equal to times the funda-
mental frequency), from (2) we have

(3)

Now, consider the demodulation signals for the -th harmonic

(4)

(5)

where and is the instantaneous phase
of and . The frequencies of both demodulation sig-
nals are given by

(6)

Defining as the fundamental angular demodulation fre-
quency, from (6) we have

(7)

Multiplying by the demodulation signals and
we obtain and , respectively, as

(8)

(9)

Using the trigonometric relations

(10)

(11)

in (8) and (9), respectively, where and
, we have

(12)

(13)

respectively.
Thus,

(14)

(15)

respectively.
Considering a specific value of , the frequencies of first and

second terms of both signals (14) and (15) are given, respec-
tively, by

(16)

(17)

for .
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Substituting (3) and (7) in (16)–(17), we obtain

(18)

(19)

for .
Considering that is an estimate of (e.g.,

we estimate in order to ), equa-
tions (18)–(19) become

(20)

(21)

for . Since can assume negative
values in (21), can also become negative. In order to deal
with positive frequencies we adopt as the frequencies of
the second term of signals (14) and (15).
Finally, from and we conclude that both

demodulated signals and have one direct current
(DC) component (for ) and frequency components
located at

.
Filtering and by an appropriate low-pass filter,
the DC component remains, yielding

(22)

(23)

respectively, where and denote the low pass compo-
nents of and ,
respectively.
Supposing that the low-pass filter has good attenuation in the

stopband, the components and can be considered
negligible, and thus the amplitude and phase of the -th har-
monic component can be straightforwardly estimated by

(24)

(25)

respectively. In power systems, we are usually interested in es-
timating the phase difference between two signals at different
sites [22], given by

(26)

where and represent the estimates of phase of
signals and , respectively. Since the demodulating
signals are considered the same for all signals in interconnected
sites we have that is the same for both sites, and therefore

is independent of . Thus, we can subtract

Fig. 1. Block diagram of the proposed demodulation-based technique.

from our phase estimates without affecting the evaluation of
phase differences, yielding the estimate

(27)

The block diagram of the proposed technique is illustrated in
Fig. 1. The LP blocks implement identical low-pass filters and
the blocks COS and SIN implement the demodulation signals
expressed by (4) and (5), respectively. The blocks AMP and
PHAS implement the expressions (24) and (27), respectively.
In this work, we propose to control the demodulation signals
(blocks COS and SIN) and the frequency response of the low-
pass filters (blocks LP) by the power frequency estimate, which
is implemented by the block FREQ.
It is important to mention that the proposed demodulation-

based technique differs from the standard technique in three as-
pects: i) the demodulation signals (represented by blocks SIN
and COS), in which are fixed in the standard technique, are al-
lowed to vary in the proposed one; ii) the coefficients of the
low-pass filter are fixed in the standard technique but in the
proposed technique they can be controlled by an external pa-
rameter; and iii) in the standard technique only the fundamental
component can be estimated, whereas in the proposed one also
harmonics can be estimated. For sake of comparison, the block
diagram of the standard technique is shown in Fig. 2. In this case
the demodulation signals are given by

(28)

(29)

III. TECHNIQUE IMPLEMENTATION

The discrete version of (1) is given by

(30)
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Fig. 2. Block diagram of the standard demodulation-based technique.

in which is the discrete synchronous angular fre-
quency and is the sampling rate.
The demodulation signals (4) and (5) become

(31)

(32)

Using the discrete version of the continuous derivative

(33)

the discrete version of the demodulation frequency given by (6)
can be expressed as

(34)

Assuming that the demodulation frequency
is equal to the harmonic frequency , from (34) we obtain

(35)

Equation (35) means that if the the fundamental frequency
of the original signal is estimated, the estimate of

the phase of both demodulation signals can be adjusted
at each sample period. Consequently the frequency of both de-
modulation signals, which depends of the discrete difference
of , can be adjusted to match the frequency of the -th
harmonic at each sample period. Several approaches can be
used to estimate . For this purpose, we use the enhanced
phase-locked loop (EPLL) algorithm, which was introduced in
[27]. It is important to mention that the EPLL also can be used
to directly estimate . However, the purpose of the use of
(35) is to allow the use of other frequency estimators if desired.
Also, other realizations of can be used.
The power frequency can change slowly in time and the fre-

quencies of their harmonic components change proportionally.
In order to properly deal with this scenario, we propose to design
a filter that varies its frequency response in accordance with the

power frequency to guarantee large attenuation in the harmonic
frequencies. In [28], Farrow introduced a structure that imple-
ments a variable digital delay using a finite impulse response
(FIR) filter controlled by a scalar parameter. The present work
adapts this structure to design a FIR filter that varies its impulse
response (and thus its frequency response) in accordance with
the estimated power frequency. Note that, due to the inertia of
generators and electric systems, the power frequency does not
vary significantly in short periods of time, even less in one or
two cycles of the fundamental component. Since the algorithm
proposed in this paper is designed to use only two cycles of the
signal, the instantaneous time-variation of the frequency is in-
significant. What must be considered are very slow variations
of the power frequency.
Basically, in the design stage, we design several different

FIR filters whose attenuations in magnitude response match the
spectral locations of the demodulated signals, whose power fre-
quency are in the range , where

and are, respectively, the minimum and maximum
values assumed for . Thus, with the use of this set of fil-
ters, as a training set, we obtain, by optimization, the coeffi-
cients of each polynomial expression that we use to control each
filter coefficient. After design, the resulted FIR filter can be con-
trolled by a variable in the range what cor-
responds to the frequency range . Considering the
direct-form FIR filter structure, the controlled FIR filter is de-
picted in Fig. 3. Each filter coefficient is given by

(36)

where , are the polynomial coefficients com-
puted with the help of the training set, and is the polynomial
order. The relation between and is linear and given by

(37)

Note that the reason for using polynomial expressions to con-
trol the filter coefficients is to provide a smooth control of the
frequency response of the filter. Details of design and the pro-
cedure to achieve the polynomial coefficients are portrayed in
Appendix A. Once the polynomial coefficients are computed,
the proposed method does not require retraining. The auto-
matically varies in accordance with the estimate of the funda-
mental frequency by the relation (37). The only specifications
which are made in the training stage, are and , as
well as the sampling frequency .
In order to design the FIR filters belonging to the training

set, we propose the following method: Consider a second order
notch FIR filter given by

(38)

where , is a zero in the z-plane [29],
[30].
Thus,

(39)
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Fig. 3. Controlled FIR filter.

If we want a FIR filter with zeros in harmonics
of the magnitude response, then this filter can be designed

by the cascade of second-order sections as

(40)

(41)

The angles are related to the harmonic orders by

(42)

For extra attenuation in harmonic frequencies, double zeros
can be allocated, resulting in the following filter:

(43)

It is desired that to provide gain equal to 0 dB
at the DC component. Thus, is normalized by re-
sulting in

(44)

Double zeros are used to reinforce the required attenuations at
the harmonic components due the finite precision implementa-
tion. Double zeros are also good to provide more overall atten-
uation in the stop band.
Fig. 4 shows the magnitude response of two design examples

using (44). In these designs we allocate zeros at the frequen-
cies , where for Hz and

Fig. 4. Magnitude response of two design examples using (44) considering
Hz and Hz, respectively.

Fig. 5. Magnitude responses of the FIR filter structure when varies from
to 0.5.

Hz, respectively. It is important to mention that
for any the filter has linear-phase. The polynomial
coefficients are computed during the training stage, and the vari-
ation of the parameter from to provides the required
variable filter. Fig. 5 illustrates the magnitude responses of the
controlled filter when varies from to 1/2 and .
In this design, 100 filters using (44) were used in the training
stage considering .
The computational complexity of the proposed technique ex-

pressed in terms of the number of additions and multiplications
by sample is given in Table I. In this table we consider that the
computation of and can be
given by an internal look-up table either in a hardware or soft-
ware.
It is important to comment that the filtering stage can be im-

plemented directly with the use of second order sections given
by (39) controlled by . However, more computational
complexity and memory will be required due to the increased
number of filter coefficients and the extra normalization needed
in each second order section.
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TABLE I
COMPUTATIONAL COMPLEXITY OF THE PROPOSED TECHNIQUE

Fig. 6. Temporal estimation of harmonic amplitudes of the signal in (45) using
the proposed technique.

Fig. 7. Temporal estimation of harmonic phases of the signal in (45) using the
proposed technique.

IV. PERFORMANCE ANALYSIS

In this section a performance analysis of the proposed
technique is presented. For all simulations, the sampling rate
is equal to Hz and the estimates are evaluated
by sliding a window using one sampled displacements. For
obtaining the coefficients of polynomial expressions in the
training stage we have generated 1000 filters given by (44)
considering for .

A. Temporal Estimation Performance

Temporal estimation performances of the proposed technique
are presented in Figs. 6 and 7 for amplitude and phase, respec-
tively. The test signal is given by

TABLE II
AMPLITUDES AND PHASES OF THE HARMONICS IN (45) USED FOR TEMPORAL

ESTIMATION PERFORMANCE ANALYSIS

Fig. 8. Temporal estimation of harmonic amplitudes of the signal in (45) using
the proposed technique when a drop of 50% occurs in the amplitude of the
signal.

(45)

where and is a white
zero-mean Gaussian noise so that the signal-to-noise ratio
(SNR) between the fundamental component and the additive
noise is 60 dB (it should be noted that the SNR of the signal
obtained from a power system usually ranges from 50 up to
70 dB [31]). The amplitudes and phases considered are shown
in Table II. In Fig. 8 it is shown the temporal estimation of
the amplitudes when a sudden variation of 50% occurs in the
amplitude of all harmonics of the same signal. Fig. 9 illustrates
10 cycles of the signal waveform. In order to show estima-
tion of sudden phase variations, we simulated the signal (45)
considering initially Hz and , where

. We introduce a
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Fig. 9. cycles of the signal (45) with a sudden variation of 50% in the amplitude
of all harmonics.

Fig. 10. Temporal estimation of harmonic phases of the signal in (45) using
the proposed technique when a sudden increase from 60 Hz to 60.5 Hz occurs
in .

sudden increase in from 60 Hz to 60.5 Hz. In accordance
with (35) it conduces to sudden phase changes. Fig. 10 shows
the phase estimates for this case. Estimation delays of two
cycles of the fundamental component are noted for amplitude
and phase estimation. Note that amplitudes and phases are in
ascending harmonic order, from bottom up. In Fig. 11 we show
the phase difference estimation of the 25th harmonic between
two nonsynchronous signals, and , generated ac-
cording to (45) considering Hz and
Hz, respectively.

B. Error Performance

For error performance analysis, several signals given by
(45) were generated considering , where

with varying
between and 0.5 (e.g., varying between 59.5 Hz and
60.5 Hz). The evaluation of the error is based on the calculation
of the maximum of the absolute instantaneous error (MAIE) of
the estimates in percentage evaluated in a vector of samples:

%

(46)

where is the estimate of the variable .

Fig. 11. Temporal estimation of phase difference estimation of the 25th har-
monic between two nonsynchronous signals, and , generated ac-
cording to (45) considering Hz and Hz, respec-
tively.

Fig. 12. Maximum of the absolute instantaneous errors of the harmonic esti-
mates of the signal in (45) using the proposed technique.

The results are presented in Fig. 12 for all estimated har-
monics. It is noted that such errors are lower than 1.5%. In order
to illustrate what accuracy the fundamental frequency should be
evaluated to make the technique work properly, we evaluate the
MAEIs of the 25th harmonic estimates of the signal (45), simu-
lating the error of estimates from Hz to 0.5 Hz con-
sidering Hz. Fig. 13 shows the results for this case.
We observe that an error higher that Hz in the fundamental
frequency estimation results to estimation error higher than 5%
for the amplitude of the 25th harmonic. The maximum error ob-
served using the adopted frequency estimation technique used
in this paper was 0.005 Hz (lower that 0.01%).

C. Performance Comparison

In order to compare the performance of the proposed tech-
nique with the widely used technique for harmonic estimations,
the DFT, the two-cycle version of the DFT is used. The results
for the DFT employing the most commonly used windows, tri-
angular and hanning, are considered. In Fig. 14 is illustrated the
temporal estimation performance for the harmonics of the signal
given by (45) in the case of a 50% drop in the amplitude of all
harmonic components using the DFT and proposed technique.
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Fig. 13. Maximum of the absolute instantaneous errors of the 25th harmonic
estimates of the signal in (45) simulating the error of estimates from
Hz to 0.5 Hz considering Hz.

Fig. 14. Temporal estimation performance for the harmonics of the signal
given by (45) in the case of a 50% drop in the amplitude of all harmonic
components using (a) the DFT and (b) the proposed technique.

Fig. 15. Maximum of the absolute instantaneous errors of the 3rd harmonic
estimates of the signal in (45) using the proposed technique and the DFT.

Fig. 16. Maximum of the absolute instantaneous errors of the 25th harmonic
estimates of the signal in (45) using the proposed technique and the DFT.

In this figure, only estimates using the conventional DFT algo-
rithm (with the rectangular window) are shown because similar
results are achieved with the use of windows.
In Figs. 15 and 16, the maximum of the absolute instanta-

neous errors are evaluated for the 3rd and the 25th harmonics
when varies from 59.5 Hz to 60.5 Hz in the signal given
by (45). In these plots the results attained with DFT algorithm
using triangular and hanning windows are also shown.
In order to show how the frequency deviation in fundamental

component affects the temporal estimations, Fig. 17 illustrates
the time-estimates of the 25th harmonic of the signal (45) when
the fundamental frequency changes from 60Hz to 59.5 Hz using
the versions of the DFT technique and the proposed technique. It
is noted that a significant variation occurs in the estimates using
the conventional DFT algorithm after the frequency deviation.
In the case of the DFT with triangular and hanning windows,
bias in the estimates are noted.
Based on these results, we note that the two techniques (DFT

and proposed ones) exhibit the same delay in tracking perfor-
mance (two cycles). However, the proposed technique is the
one presenting lower estimation error when the frequency devi-
ates from its nominal value, especially in the case of the higher
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Fig. 17. Temporal estimations of the 25th harmonic of the signal (45) when the
fundamental frequency changes from 60 Hz to 59.5 Hz using the three versions
of the DFT as well as the proposed technique. (a) DFT. (b) DFT with the trian-
gular window. (c) DFT with the hanning window. (d) Proposed technique.

order harmonic (25th harmonic). It is important to mention that
we could decrease the estimation delay by using the one cycle
version of DFT technique; however, such would be obtained at
the expenses of an increase in the estimation error. Note that
the proposed technique can also provide estimation delay cor-
responding to one cycle. For this purpose, single zeros should
be used in the filter design given in (44). As in the DFT case,
this would be obtained at the expenses of an increase of the es-
timation error.
In order to provide some comparison with other techniques,

we also provide error performance comparison with two re-
cent techniques for harmonic estimation: A technique based on
EPLL introduced in [7] and the technique using the nonlinear
least squares (NLS) criterion in [16]. The results of estimation
error are presented in Fig. 18. The plot reveals that the proposed
technique offers the lowest error. The estimation delay for NLS
is two cycles (corresponding to the number of samples used) and
for EPLL this delay is higher than 18 cycles [14]. The EPLL and

Fig. 18. Maximum of the absolute instantaneous errors of the 25th harmonic
estimates of the signal in (45) using the proposed technique, NLS and EPLL.

TABLE III
COMPUTATIONAL COMPLEXITY FOR ESTIMATING THE AMPLITUDES AND
PHASES OF THE 13 HARMONICS OF SIGNAL (45) FOR PROPOSED, DFT, NLS

AND EPLL TECHNIQUES

NLS were implemented based on the specifications and recom-
mendations of the papers [7] and [16], respectively. The com-
putational complexity for estimating the amplitudes and phases
of the 13 harmonics of signal (45) are given in Table III for pro-
posed, DFT, NLS and EPLL techniques.
It is important to make a brief comment about the perfor-

mance of the proposed technique when compared to those of
some techniques present in the literature (see, for example
[21]). The proposed technique does not need to synchronize
the sampling frequency with the fundamental frequency to
achieve good accuracy. Consequently it can be implemented
with uniform sampling frequency, which is provided in the
majority of low cost analog to digital converters (ADCs). Also,
digital compensation is not needed, obviating the need for an
increase in the computational complexity and additional delay
in the final estimate due of the additional use of digital filters
in the resampling process. Due its simple structure and use
of FIR filters, the proposed technique can be used in on-line
applications and is always stable if the frequency estimator is
stable.
Another issue is that, for the DFT algorithm, adapting the

DFT length of the observation window in accordance with
the fundamental estimated frequency does not significantly
decrease the error estimation. Fig. 19 shows the amplitude
errors of the 25-th harmonic considering sampling frequencies
of Hz, Hz, Hz
and Hz. We note that the errors decrease with
the increase of the sampling frequency. However, these errors
are as low as the errors provided by the proposed technique
(about 1.5%) only when Hz. This corresponds
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Fig. 19. Maximum of the absolute instantaneous errors of the 25th harmonic
estimates of the signal in (45) using adapted window to the DFT technique.

to a sampling frequency higher than 20 times the Nyquist
frequency (50 60 Hz). Note that the proposed technique and
the NLS technique can also use an adapted observation window
for decreasing the estimation errors. However such adaptation
would require the necessity of a higher sampling frequency and
consequently the use of a faster processor.

V. CONCLUDING REMARKS

In this paper, a novel harmonic estimation technique based on
the demodulation approach was introduced. The use of a con-
trolled FIR filter allowed us to design a technique with an im-
proved performance for harmonic estimation when the power
frequency deviates from its nominal value. Although the results
presented in this paper are for frequency deviations of at most
0.5 Hz around the nominal value, the filter design specifications
can be adapted in order to accommodate larger variations. In
this case the controlled FIR filter will have a larger number of
coefficients. Finally, the results reveal that the proposed algo-
rithm can be a good candidate to replace the DFT when the
power frequency is subjected to considerable variations, mainly
for: improving the reliability of protection relays and active
harmonic filters and, improving the accuracy of harmonic
analyzers.

APPENDIX

A. Controlled FIR Filter

Consider a desired FIR filter so that the frequency response
is given by

(47)

Using the notation and considering that the filter
response in (47) can bemodified and controlled by a scalar value
, we have

(48)

For gradual control with can be estimated by a poly-
nomial function in as

(49)
in which .
Thus, the approximated version of is given by

(50)

Supposing that varies in the interval , we have
that the coefficients can be found by minimizing the cost
function expressed by

(51)

Approximating the integrals by summations and dis-
cretizing the continuous intervals and

in order to obtain the vectors
and , respectively, we obtain

(52)

Replacing (48) and (50) in (52), we obtains

(53)

(54)

Defining

(55)

we have

(56)

Note that is the DFT of , and by
the Parseval’s theorem, for a length- signal , the fol-
lowing relation is valid:

(57)

where .
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Thus,

(58)

because it was considered due to the fact that .
Substituting (55) in (58), we have

(59)

As , we have

(60)

where

(61)

Since the are positive and can be considered to be inde-
pendent, we minmize by minimizing each . Therefore, con-
sidering , the gradient of with respect
to is

(62)

If we have

(63)

Then

(64)

Assuming in (64), we have the set of
equations:
(equation for )

(65)

(equation for )

(66)

(equation for )

(67)

(equation for )

(68)

Then, we have equations and coefficients ,
what can be presented as a linear system expressed by

(69)

where and . The ele-
ments of and are given by

(70)

(71)

respectively.
Thus, the vector is obtained by evaluating

(72)

Note that cost function is minimized step-by-step by mini-
mizing each .
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