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ABSTRACT

A novel decomposition of functions using generalized bit-
planes has been recently proposed. Such a decomposition
maps a function into a set of indexes, thus performing quan-
tization and signal decomposition in a single step. In a
previous work, this signal representation model has been
successfully used replacing the decomposition/quantization
operations in Neff and Zakhor’s matching pursuits video en-
coder. In this paper we investigate good codebooks for such
decompositions whose construction is based on ridgelets.
We show that by combining products of properly scaled and
rotated ridgelets one can obtain codebooks which provide
improved rate-distortion performances. Also, we confirm
the theoretical prediction that good codebooks are the ones
that have a small maximum angle between any vector in
R

N and the closest one in the codebook.

1. INTRODUCTION

In [1] it has been proposed an algorithm, called Matching
Pursuits (MP), that decomposes a signal on a redundant set
of functions. It has been successfully used for video coding
in [2], being an effective alternative to the standard video
encoders based on the discrete cosine transform (DCT). It
greatly reduces blocking artifacts and improves the PSNR
(Peak Signal-to-Noise Rate).

Such a video encoder decomposes the displaced frame
difference x ∈ R

N , originated from the motion compensa-
tion process, using a dictionary C = {v1,v2, . . . ,vM},
‖vi‖ = 1, ∀i, as:

x ≈
P

∑

n=1

pnvγn
(1)

In order to accomplish this decomposition a greedy al-
gorithm is used [1]. In signal coding applications, the coef-
ficients pn must be quantized and encoded along with the
indexes γn.

Recently, it has been proposed a signal decomposition
based on generalized bit-planes [3]. In it, the normalized
displaced frame difference (dfd) is decomposed in a greedy
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fashion generating, given 0 < α < 1, a decomposition as:

x(P ) =
P

∑

m=1

αkmvrm
(2)

Such a decomposition maps a signal into a sequence of
indexes (km, rm), thus performing the decomposition and
quantization at same time. The generalized Bitplane j is
defined as the set of vectors {vrm

| km = j} [3].
An algorithm to carry out a decomposition as in Eq. (2)

adds one vrn
at a time, until a rate and/or distortion cri-

terion is met. Given a dictionary C = {v1,v2, . . . ,vq},
‖vi‖ = 1, ∀i, it is as follows:

1. Start with w = x, m = 1.

2. Repeat until a stop criterion is met

(a) Choose rm ∈ {1, . . . , q} such that

w · vrm
= max

1≤j≤q
{w · vj}.

(b) Choose km =

⌈

ln (w · vrm
)

ln (α)

⌉

.

where dye is the smallest integer larger than or
equal to y.

(c) Replace w by w − αkmvrm
.

(d) Increment m.

3. Stop.

Conditions for x(P ) in Eq. (2) to converge to x as the
number of terms P tends to infinite are given by the follow-
ing theorem [3] :

Theorem 1: Be x ∈ R
N , ‖x‖ ≤ 1, such that it is approxi-

mated by MPGBP Algorithm using a dictionary C with P
steps, generating x(P ) as in Eq. (2), and be Θ(C) the largest
angle between any signal y ∈ R

N and the closest atom in
dictionary C. We have that ‖r(P )‖ = ‖x − x(P )‖ ≤ βP

c ,

where βc =
√

1 − (2α − α2) cos2 (Θ(C)) < 1 for every 0 <
α < 1 and 0 ≤ Θ(C) < π

2
.

In [3] there is a performance comparison between the
MPGBP and the MP algorithms when used within the Neff

0-7803-8554-3/04/$20.00 ©2004 IEEE. 1129



and Zakhor’s video encoder framework [2]. The dictionary
used in both cases was the one proposed in [2]. The results
show that the performance of the algorithm in [3] is consis-
tently better than one in [2]. However, an important ques-
tion remained without an answer: is there another dictio-
nary that produces a better performance with the MPGBP
algorithm?

From Theorem 1, we see that in pass P the error is
bounded by βP

c . Therefore, the smaller βc is, then the
smaller is the distortion after P passes. Since βc is a de-
creasing function of Θ(C), then, for small distortion, we
should have Θ(C) small. However, the rate after P passes
increases with the cardinality q(C) of the dictionary (actu-
ally, with log(q(C))). Therefore, for a good rate-distortion
compromise, Θ(C) should be made small provided that q(C)
does not increase too much.

Since Θ(C) is the largest angle between any vector in
R

N and the closest one in C, it is obtained for the region
in R

N with the largest “hole” (see Fig. 1a). From the 2-D
example depicted in Fig. 1, we can infer that, given a dic-
tionary C (Fig. 1a), a reduction in Θ(C) can be obtained
by: 1) the insertion of extra vectors in order to fill appro-
priately the “empty” regions of the space (Fig. 1b), or 2)
a better distribution of its vectors (Fig. 1c). Note that in
2) we preserve both the cardinality q(C) and the dimension
N of the dictionary C. On the other hand, in 1), the car-
dinality q(C) is increased, and there is a trade-off between
the decrease in Θ(C) and the increase in q(C).

C2Θ(    ) < Θ( )C
Θ(    ) < Θ( )CC1

CΘ( )

the vectors
better distributing

.

.

 .

.

c)

largest hole

placing a vector in
the largest hole

next largest hole
b)

included vector
a)

Fig. 1. Θ(C) in a) can be reduced by: b) placing an extra
vector in the largest hole of the dictionary C in R

2; c) better
distributing the vectors in R

2.

This paper deals with searching good dictionaries for
MPGBP. From the above discussion, they must present
good trade-offs between q(C) and Θ(C). Ridgelets [4] (as
well as curveletes [5] and contourlets [6]) have been at-
tracting a lot of interest from the image coding community.
They yield good sparse representations of line discontinu-
ities. Since the edges of an image can be seen as discon-
tinuities along curves, they represent effective alternatives
for image decompositions [4]. In this work, we investigate
the performance of the MPGBP video encoder when using
overcomplete dictionaries based on ridgelets.

This paper is organized as follows. Section 2 discusses
dictionary design. In Section 3 we describe the encoder
used, that has a rate control algorithm for the MPGBP
that provides a precise control over the rate. It enables a

fair comparison among different dictionaries. In Section 4
we specify the atoms used, presenting and analyzing the
simulation results. The conclusions are presented in Sec-
tion 5.

2. DICTIONARY DESIGN

As seen in the previous section, we search for codebooks
with both Θ(C) and q(C) as small as possible. One should
note that any rotation C′ of the codebook C has
Θ(C′) = Θ(C), and thus, according to Theorem 1, should
have the same performance when used in MPGBP. How-
ever, for the first iteration of the MPGBP algorithm, the
reduction in the approximation error depends only on how
similar are the atoms in the dictionary to the image fea-
tures. This is so because an atom which is similar to an
image feature has a large inner product to it, and thus,
a small value of ‖x − αkmvrm

‖. Thus, among the code-
books with same value of Θ(C), one should search for the
one whose vectors are more similar to the image features.
That is, a good codebook should:

(i) have small values of Θ(C) and q(C);

(ii) have its atoms as similar as possible to the image fea-
tures.

One should bear in mind that, in video coding, we want
to encode displaced frame differences (dfds). Dfds are com-
posed essentially of contours (edges) oriented in several spa-
cial directions. Thus, atoms based on ridgelets, that are
known to be efficient to encode line singularities in arbi-
trary directions, are good candidates to satisfy condition
(ii) above.

However, if we want to satisfy condition (i) above, we
cannot use an orthogonal ridgelet transform. This so is
because any orthogonal transform is just a rotation of any
other orthogonal transform and thus, for a given dimension,
they all have exactly the same Θ(C) (see discussion at the
start of this section). Therefore, in order to decrease Θ(C)
we should use overcomplete dictionaries based on ridgelets.
Note that, by referring to Fig. 1 this is equivalent to adding
atoms to fill in the large holes.

The dictionaries are generated according to the proce-
dure described as follows. We start by defining an infinite
discrete ridgelet whose ridge has angle $ with the horizon-
tal axis as

ρ
(f)
s,l,$(m, n) = fs(m · tan($) + n) ·Wl(m · tan($) + n) (3)

where fs(n) is usually a wavelet function at scale s, that is
fs(n) = 1√

s
f(n/s) and Wl is a window of length l defined

as

Wl(n) =

{

1, n ∈ [− l−1
2

, l−1
2

]

0, n ∈/ [− l−1
2

, l−1
2

]
(4)

In this work, f(n) can be a Meyer wavelet, a Meyer
scaling function [7], or one of the Gabor functions used by
Neff and Zakhor [2, 3]. The periodic Meyer wavelets and
scaling functions can be defined in the frequency domain as

Ψ(ω) =











1√
2π

eiω/2 sin
(

π
2
ν( 3

2π
|ω| − 1)

)

, 2π
3

≤ |ω| ≤ 4π
3

1√
2π

eiω/2 cos
(

π
2
ν( 3

4π
|ω| − 1)

)

, 4π
3

≤ |ω| ≤ 8π
3

0, |ω| ∈/ [ 2π
3

, 8π
3

]

(5)
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Φ(ω) =











1√
2π

, |ω| ≤ 2π
3

1√
2π

cos
(

π
2
ν( 3

2π
|ω| − 1)

)

, 2π
3

≤ |ω| ≤ 4π
3

0, |ω| ≥ 4π
3

(6)

where ν(a) = a4(35 − 84a + 70a2 − 20a3), a ∈ [0, 1]
Using Eq. (3), the atoms in the dictionaries are then

g
(f1,f2)
s1,s2,l1,l2,$(m, n) = ρ

(f1)
s1,l1,$(m, n) · ρ

(f2)

s2,l2, π

2
−$(m, n) (7)

The above equation can be regarded as an infinite-length
ridgelet windowed along its ridge by another infinite-length
ridgelet. Note that the atoms generated according to Eq. (7)
have a finite region of support. This is so because each in-
finite ridgelet has finite length in the direction orthogonal
to its ridges (see Eqs. (3) and (4)).

It is important to note that the atoms in Eq. (7) are in
general non-separable. The use of non-separable dictionar-
ies can lead to a large increase in computational complex-
ity. Since for each atom encoded we must search the whole
dictionary for the largest inner product, the complexity is
proportional to both the dictionary size and the dimension
of the vector space. In order to speed up the atom search
one can use one of the several methods for computational
complexity reduction have been proposed in the literature.
A good example of such methods is the one in [8].

3. ENCODER USED

The encoder used was essentially the one in [3] with the
difference that we employ a simple but precise rate control
mechanism. We do so because, in order to have meaningful
comparisons among the different dictionaries, we need the
rates for them to be exactly the same.

The rate control mechanism essentially computes the
rate spent for each new encoded atom and stops adding
atoms when the desired bit-rate is achieved. Note that
to add an atom is equivalent to adding a pair of indexes
(km, rm). The atom index is composed of both the atom
shape and its position. The atom shape, as well as the ex-
ponent km, are encoded in exactly the same way as in [3].
However, the position of the atoms inside a 16 × 16 macro
block is encoded differentially (see [2] and [3]). Then, in
order to have precise computation of the bit-rate we should
recompute, for each encoded atom added, the bit-rate spent
for encoding the differential position of all encoded atoms.

4. SIMULATION RESULTS

In this section we describe the simulation results. We use
the encoder described in Section 3. All sequences are com-
posed of QCIF images (176×144 resolution frames) and we
input to the codec the first 300 frames, at a frame rate of
10fps (that is, we encode a total of 100 frames for each se-
quence). In all cases α = 0.56 (see Eq. (2) and reference [3]).

In order to evaluate the performance of the codec for
different dictionaries, we use the PSNR of the encoded se-
quences, along with the parameters Θ(C) and Θ(C). Θ(C)
is as defined in Theorem 1. As mentioned is Section 1, the
smaller Θ(C) is, the better is the dictionary. If we define

for each pass j a value β(j) such that the magnitude of the
residual in pass j + 1, ‖r(j+1)‖, is equal to β(j)‖r(j)‖, then

Θ(C) is such that βc(Θ(C)) = E[β(j)] (see Theorem 1). E[·]
is the expected value, obtained over all passes and over the
entire sequence. Since we want the largest residual reduc-
tion at each pass, then we need E[β(j)] to be as small as
possible. This implies that, for a good dictionary, Θ(C)
should be as small as possible.

As a starting point, we use the dictionary employed
in [2] (from now on referred to as the NZ - Neff and Zakhor
dictionary), that has very good performance in Matching
Pursuits video coding, and has been shown to also perform
well in the MPGBP algorithm [3]. The results obtained
with this dictionary are summarized in Table 1 for conve-
nience. The cardinality of the NZ dictionary is q(C) = 400.

Table 1. PSNR, Θ(C) and Θ(C) for the NZ dictionary.

Seq+Rate
(kbps)

NZ

PSNR Θ(C) Θ(C)

Mother24 36.19 86.17 82.29

Weather24 31.75 87.52 82.61

Silent24 32.59 87.08 80.19

Mother64 40.38 87.19 83.51

Weather64 37.56 88.26 83.60

Silent64 37.72 87.81 82.25

Foreman64 33.45 86.80 80.77

Foreman96 35.52 87.07 81.60

Weather96 40.38 88.48 84.00

We now describe the other dictionaries investigated. For
each dictionary we define the functions f1 and f2 used to
form the atoms in Eq. (7), as well as the sampling of the
parameter space (s1, s2, l1, l2, $). For example, in the NZ
dictionary [2], we have that for i = 1, 2, fi can assume the
values of all the 20 modulated Gaussian functions, li is the
support region of fi, si = 1 and $ = 0.

One of the reasons for the good performance of the
NZ dictionary is that its atoms are similar to the features
present in the dfds, that is, they satisfy requirement (ii) in
Section 2. Thus, if we design our dictionaries by growing
them from the NZ dictionary, we guarantee that require-
ment (ii) is satisfied at least by some atoms. Indeed, we
design our dictionaries by, starting from the NZ dictionary,
adding other atoms in order to fill in its holes so as to de-
crease Θ(C) (see Fig. 1), and thus satisfy requirement (i).
The atoms added are based on ridgelets since we want them
to satisfy requirement (ii) (see discussion in Section 2).

In Table 2, we see the results for a dictionary formed
by adding, to the NZ dictionary, atoms composed from
ridgelets based on Meyer functions (dictionary MEYER).
In this case, fi, i = 1, 2, can be either the Meyer wavelets or
scaling functions (see Eqs. (5) and (6)). The combinations
of lengths and scales used, (li, si), i = 1, 2 (see Eq. (7)), are
shown in Table 3. The rotation angles $ for each atom with
lengths l1 and l2 have been chosen according to the crite-
rion suggested by Donoho and Flesia in [7], that is, they are
given by

$b = arctan

(

2b

L − 1

)

, −
L − 1

2
≤ b ≤

L − 1

2
(8)
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where L = max{l1, l2}. The cardinality of the resulting
MEYER dictionary was q(C) = 24617 vectors.

Table 2. PSNR, Θ(C) and Θ(C) for the MEYER dictionary.

Seq+Rate
(kbps)

MEYER MEYER − NZ

PSNR Θ(C) Θ(C) ∆PSNR ∆Θ(C)

Mother24 36.46 85.36 80.81 0.27 −1.48

Weather24 31.85 86.46 81.23 0.10 −1.38

Silent24 32.63 85.86 78.64 0.04 −1.55

Mother64 40.51 86.12 82.25 0.13 −1.26

Weather64 37.80 86.91 82.37 0.24 −1.23

Silent64 37.65 86.56 80.98 −0.07 −1.27

Foreman64 33.83 85.84 78.97 0.38 −1.73

Table 3. Lengths (l) and scales (s) for the atoms used.

l 1 3 5 7 7 9 9 11 13
s 0 1 2 1.5 2 2 2.5 3 3

l 15 21 21 23 27 29 35 35 –
s 3 3 3.5 4 4 4 4.5 5 –

We can see that we have a reduction of the values of
Θ(C) and Θ(C) in all cases, accompanied by an improve-
ment in PSNR as compared to the one obtained with the
NZ dictionary. It is important to note that such an improve-
ment occurred for most sequences and rates, even though
there was a significant increase in the cardinality q(C). This
confirms the conjecture, based on Theorem 1, that one can
form good dictionaries for MPGBP by decreasing Θ(C) even
at the expense of increased cardinality. That is, the rate in-
crease produced by the increase in q(C) has been compen-
sated by the decrease in distortion caused by the reduction
in Θ(C).

Finally, in Table 4, we see the results obtained for a
dictionary formed from the NZ dictionary by adding atoms
based on ridgelets other than the ones generated by the
Meyer functions in Eqs. (5) and (6). The atoms used are
based on ridgelets generated using the 20 Gabor functions
defined in [2]. We refer to it as the GR dictionary. Its car-
dinality is q(C) = 8090. Again we note that we got a sub-
stantial increase in PSNR for all sequences and rates along
with a reduction in the values of Θ(C) and Θ(C). Indeed, it
yields a better rate-distortion performance than the one of
the MEYER dictionary. This is not unexpected, since the
Gabor functions in [2] were obtained from a training pro-
cess aiming at generating separable 2-D functions similar to
the features presented in dfds (that is, they were designed
specifically to satisfy requirement (ii)).

5. CONCLUSIONS

In this paper we investigated good dictionaries for the
MPGBP algorithm. We defined conditions to be satisfied
by a good dictionary, namely, to have a small value of Θ(C)
and to have atoms as close as possible to the image’s fea-
tures. Then we proposed a dictionary design method based
on ridgelets. We designed dictionaries obtained by the ad-
dition, to the Neff and Zakhor’s dictionary [2], of atoms

Table 4. PSNR, Θ(C) and Θ(C) for the GR dictionary.

Seq+Rate
(kbps)

GR GR − NZ

PSNR Θ(C) Θ(C) ∆PSNR ∆Θ(C)

Mother24 36.53 85.69 81.03 0.34 −1.26

Weather24 32.25 86.62 81.27 0.50 −1.34

Silent24 32.74 86.29 78.90 0.15 −1.29

Mother64 40.72 86.51 82.35 0.34 −1.16

Weather64 38.39 87.20 82.34 0.83 −1.26

Silent64 37.96 86.92 81.14 0.24 −1.11

Foreman64 33.93 85.94 79.25 0.48 −1.52

Foreman96 36.01 86.34 80.30 0.49 −1.30

Weather96 41.41 87.30 82.72 1.03 −1.28

based on ridgelets generated by both Meyer’s wavelets and
1-D Neff and Zakhor’s Gabor functions. The results ob-
tained were encouraging, showing two dictionaries in which,
despite the large increase in cardinality (and thus the rate
to code each atom), the reduction in Θ(C) compensates the
rate increase, yielding significant improvement in PSNR for
all sequences and rates.
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[1] Stéphane G. Mallat and Zhifeng Zhang, “Matching pur-
suits with time-frequency dictionaries,” IEEE Transac-
tions on Signal Processing, vol. 41, no. 12, pp. 3397–
3415, December 1993.

[2] Ralph Neff and Avideh Zakhor, “Very low bit rate video
coding based in matching pursuits,” IEEE Transactions
Circuits and Systems, vol. 7, no. 1, pp. 158–171, Febru-
ary 1997.
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